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1/2 hadrons in terms of the gauge/gravity duality. We calculate the structure functions

related to spin-1/2 fermionic operators of N = 4 SYM theory in the planar limit and at

strong coupling. Specifically, we focus on the twist-3 operator which is dual to a certain

dilatino mode and gives the leading contribution to the hadronic tensor. We consider the

Bjorken variable within the parametric range λ
−1/2
SYM ≪ x < 1 where the supergravity dual

description holds. From dimensional reduction of type IIB supergravity on the five-sphere,

we derive the interaction terms involving two dilatini and a massless vector field mode.

This vector field is a linear combination of certain components of the graviton and the

four-form potential. The angular integrals on the five-sphere lead to selection rules for the

interactions with important consequences on the dynamics. This implies the existence of

new terms contributing to the structure functions that we explicitly calculate. The leading

contribution comes from the Pauli term, followed by the contributions from the new terms

we found.
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1 Introduction

In this work we calculate the hadronic tensor related to certain spin-1/2 fermionic operators

of the strongly coupled N = 4 supersymmetric Yang-Mills (SYM) theory with gauge group

SU(N), in the large-N limit, considering the range λ
−1/2
SYM ≪ x < 1, where x is the Bjorken

parameter, while the ’t Hooft coupling is defined as λSYM ≡ g2YMN . This is carried out

within the framework of the gauge/gravity duality, i.e. in terms of type IIB supergravity.

The physical process corresponds to the polarised deep inelastic scattering (DIS) of charged

leptons off spin-1/2 hadrons. We assume the hadron to be represented by a dilatino field

mode of type IIB supergravity on AdS5 × S5. We focus on the leading contribution to the

hadronic tensor in the high energy limit (Λ2 ≪ q2) which in the above conditions is given

by the twist-3 fermionic operator O(6)
k=0 defined below.
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In a pioneering work Polchinski and Strassler [1] have used the gauge/gravity duality

to calculate the structure functions of glueballs as well as spin-1/2 fermions. In order

to induce confinement in the gauge field theory they introduce an IR cutoff in the AdS5
spacetime. They distinguish three different dynamical regimes in terms of the Bjorken

parameter: a) the case λ
−1/2
SYM ≪ x < 1, where the dual description is given in terms of

type IIB supergravity; b) the case when exp (−λ
1/2
SYM) ≪ x ≪ λ

−1/2
SYM , for which flat-space

type IIB superstring theory scattering amplitudes are convoluted with the background

metric AdS5 × S5 within the so-called ultra-local approximation; and finally c) the regime

x ∼ exp (−λ
1/2
SYM) where that approximation breaks down and therefore the holographic

Pomeron techniques are useful to calculate the structure functions. Specifically, in [1]

glueballs have been studied in the three parametric regimes. On the other hand, for

the spin-1/2 fermions they only studied the supergravity regime by considering only the

minimal coupling, which as we show in the present work, does not lead to the complete

answer in terms of a consistent spontaneous compactification of type IIB supergravity on

the five-sphere. Gao and Xiao [2] have studied DIS and elastic scattering on a polarised

spin-1/2 hadron in similar terms as in [1], i.e. considering the virtual photon represented

by a graviphoton, but not including the fluctuations of the four-form potential as we will

describe below. Later on Gao and Mou [3] have considered some effects of introducing by

hand a Pauli term in an effective five-dimensional action. They also have shown how to

obtain the Pauli term from a 6-dimensional model, however they have not derived this term

from a consistent dimensional reduction of type IIB supergravity on S5. Moreover, in [2]

they associate the minimal coupling with the calculation of the polarised proton structure

functions. On the other hand, in [3] they focus on the polarised neutron-like structure

functions where only the Pauli term appears. From a purely five-dimensional bottom-up

perspective, in principle, there would not be an apparent restriction to switch on/off the

minimal interaction and Pauli interaction terms as done in [2] and [3].

The first task we carry out in the present work is a first-principles derivation of the

five-dimensional interaction of two dilatini with a vector field from type IIB supergravity.

This is essential since it makes possible for us to calculate the relative constants between

the Pauli and the minimal interaction terms. Then, from our present calculation based on a

consistent compactification of type IIB supergravity we show that all dilatino modes become

charged under the isometry group of the five-sphere. Thus, both the Pauli interaction and

minimal interaction terms contribute in all cases, i.e. from a top-down holographic dual

calculation it is not possible to turn on/off by hand any of those terms. In this way, it

exposes certain important limitations related to the bottom-up approach.

We would like to emphasize that the consistent approach in the present context implies

that the spin-1/2 hadron, holographically represented by a dilatino field mode, interacts

with a virtual photon, which is represented by a supergravity massless vector field mode.

This vector field is precisely given by a linear combination of the off-diagonal graviton

components and certain components of the four-form potential of the ten-dimensional type

IIB supergravity theory. The consistent reduction on S5 of the spin-1/2 fermionic sector

including interactions is in fact a non-trivial task. As already mentioned we have done

it specifically for the cubic interaction terms involving two dilatini and a massless vector
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field. This is very interesting because it permits to unveil very important new effects

for the DIS problem of the N = 4 SYM theory that we have found and introduce in

the following sections. In addition, for the small-x regime a heuristic approach has been

developed in [4], while a first-principles derivation of all structure functions for the spin-1/2

fermions has been developed in [5] where the small-x regime has been investigated from

closed string scattering amplitudes in type IIB superstring theory for polarised DIS. A very

important remaining aspect is to develop a fully consistent holographic dual description of

polarised DIS of charged leptons from spin-1/2 hadrons in the whole range of the Bjorken

parameter. Therefore, in order to carry out this programme we need to investigate the

structure functions of the hadronic tensor in the λ
−1/2
SYM ≪ x < 1 range, in terms of a

fully consistent treatment from type IIB supergravity. This is what we carry out in the

present work.

Specifically, we consider the contributions to the hadronic tensor given by the oper-

ators: O(6)
k ∼tr(F+λN=4X

k) and O(13)
k ∼ tr(F 2

+λN=4X
k) with k ≥ 0, where the trace is

taken over the adjoint representation of SU(N) [6]. λN=4 represents left Weyl fermions1

while X are real scalars. They all belong to the gauge supermultiplet of N = 4 SYM the-

ory. F+ is the self-dual two-form field strength. The O(6)
k operators belong to the SU(4)R

irreducible representations 4∗, 20∗, 60∗, and so on, with k = 0, 1, 2, etc., being their

SO(1, 3)× SO(1, 1)× SU(4)R quantum numbers (1/2, 0), ∆ = k + 7
2 , and (1, k, 0), respec-

tively. On the other hand, for O(13)
k operators the corresponding SU(4)R irreducible repre-

sentations are 4, 20, 60, and so on for the k = 0, 1, 2, etc. Their SO(1, 3)×SO(1, 1)×SU(4)R
quantum numbers are (0, 1/2), ∆ = k + 11

2 , and (0, k, 1), respectively. In order to connect

these operators with their corresponding dual dilatino field modes recall that after dimen-

sional reduction on S5 there are two towers of dilatino Kaluza-Klein modes λ±
k [7]. The

tower of five-dimensional dilatino modes λ−
k with (five-dimensional) masses m−

k = −k − 3
2

are dual to the O(6)
k operators. In addition, the tower of λ+

k modes with masses m+
k = k+ 7

2

are dual to the O(13)
k operators.

The dimensional reduction of type IIB supergravity on the five-sphere including the

dilatino interactions (in ten dimensions) leads to a five-dimensional effective supergravity

action which includes interaction terms beyond the minimal coupling for the dilatino.

We would like to emphasize that we carry out a first-principles derivation from type IIB

supergravity, which is distinct from other previous papers focusing on the DIS structure

functions of spin-1/2 hadrons. Also, as we shall explain below this derivation of the cubic

interactions with two dilatini and a vector field mode has not been derived previously, at

least in the way we present it. The angular integrals lead to very interesting selection rules

for the interactions with important consequences on the dynamics for both supergravity

and N = 4 SYM theory. These imply the existence of new terms in the calculation of the

structure functions of the spin-1/2 hadrons in comparison with references [1–3]. We have

explicitly calculated the contributions of each type of interaction to the structure functions,

and obtained that the contributions from the minimal coupling given in [1] are very small

1Notice that λN=4 represents the four-dimensional N = 4 SYM Weyl fermions while λ̂ denotes the

ten-dimensional dilatino field of type IIB supergravity.
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as shown in figures 3, 4, 5 and 6 and table 1 of our present work, while the Pauli term

renders very substantial contributions to them. Although the Pauli term was considered

in [3] we have obtained the first complete calculation of the relative contributions of both

terms. Moreover, we have found that the new terms, those given by the selection rules

which we have obtained in this work, as well as the ones obtained from the Feynman

diagrams of forward Compton scattering with both the minimal coupling vertex and the

Pauli vertex in the s-channel, provide additional contributions to the structure functions

which are very important in comparison with the minimal coupling contribution. Also,

from type IIB supergravity we derive relations between different structure functions.

In order to derive the interactions from type IIB supergravity we follow a similar

procedure as previously proposed in references [8] and [9], where it has been analysed

cubic interaction terms with sI scalars [8] and sI , tI and φI scalars [9], in order to obtain

three-point correlation functions of a proper extension of chiral primary operators [9]. In

our present work the crucial difference is that we now consider cubic interactions of two

spin-1/2 fermions coupled to a vector field mode.2 Due to the lack of a simple covariant

action for type IIB supergravity due to the self-duality condition, it is proposed to work

with the covariant equations of motion (EOM) in order to firstly obtain the quadratic terms

and from them one can construct an effective interaction Lagrangian. Besides, another

possibility could be to consider the covariant action proposed in reference [11], however

in this case the calculation turns out to be very complicated due to the auxiliary fields

that it contains. It is interesting to emphasize that in order to calculate the normalisation

constant between the two- and three-point correlation functions the authors of reference [8]

have done a comparison of their results with those of reference [11]. In our case, the

unknown normalisation constants of the structure functions of the holographic hadrons are

just overall factors, which can be written in terms of a single overall constant. Thus, we

anticipate that the final result of the complete calculation of the hadronic tensor will just

have a single normalisation constant (a0 defined in section 4.2), i.e. there is only one free

parameter which is the same for all the structure functions.

The application of the AdS/CFT duality to deep inelastic scattering has been studied

in a number of interesting papers. For instance, investigations including the eikonal ap-

proach have been done in [12–21]. Also, other different aspects of deep inelastic scattering

have been studied in terms of the AdS/CFT correspondence in [22–27]. In reference [28]

it has been studied DIS of charged leptons from holographic scalar and vector mesons

for the D3D7, D4D8 anti-D8, and D4D6 anti-D6-brane models for a single flavor, while

in [29] it was considered the multi-flavored case in terms of both type IIA and type IIB

supergravities. Scalar and vector mesons structure functions in the x ≪ λSYM
−1/2 regime

using superstring theory have been calculated in [30] and [31]. Moreover, 1/N2 corrections

to deep inelastic scattering from the gauge/gravity duality have been derived for glueballs

in [32], while in [33] the 1/N expansion from the D3D7-brane system has been obtained

for scalar mesons. Also, 1/N corrections to F1 and F2 structure functions of vector mesons

2Note that in reference [10] interactions of two dilatini and a fluctuation of the axio-dilaton have been

derived from type IIB supergravity. This is totally different in comparison with our present work, where

the relevant coupling of the two dilatini involves a massless vector field.
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from type IIB supergravity have been obtained in [34]. In these cases the interesting result

is that 1/N corrections fit substantially better the corresponding lattice QCD results for

the pion and the ρ meson in comparison with previous results in the planar limit. More-

over, in [35] the role of the chiral anomaly and the Chern-Simons term in the structure of

glueballs has been investigated. Another compelling result is presented in [5] where DIS

of charged leptons from polarised spin-1/2 hadrons has been investigated at small x from

type IIB superstring theory, obtaining the antisymmetric structure function g1, which has

been fitted to experimental data from COMPASS Collaboration [36] for the correspond-

ing function gp1 of the proton, with a χ2 per degree of freedom of 1.074. This encourages

to continue exploring high energy scattering processes in particle physics in terms of the

AdS/CFT duality.

The work is organized as follows. In section 2 we obtain the cubic interaction terms of

two dilatini and a vector field from type IIB supergravity. We firstly derive the EOM of the

dilatino field coupled to a vector field mode Bl
a with l ≥ 1, which is a linear combination of

the off-diagonal components of the graviton and the AdS5 vector components of the four-

form potential. Then, we consider the special case of l = 1, i.e. the massless vector field

mode B1
a, and obtain the explicit form of the contribution of all the corresponding cubic

interaction terms involving two dilatini and a massless vector field to the five-dimensional

supergravity action. In section 3 we give some definitions of the hadronic tensor. In

section 4 calculate explicitly all the corresponding structure functions of the hadronic

tensor using the holographic dual prescription, focusing on the case of the twist-3 spin-

1/2 fermionic operator. In section 5 we introduce our results corresponding to polarised

structure functions associated with the twist-3 spin-1/2 fermionic operator. In section 6

we write the discussion and the conclusions. Some details of the calculations are shown in

two appendices.

2 Cubic interaction terms of two dilatini and a vector field from type

IIB supergravity

The five-dimensional IIB supergravity compactification on AdS5×S5 has been carried out

by Kim, Romans and van Nieuwenhuizen using harmonic analysis on the five-sphere [7],

obtaining the mass spectrum for all fields. In this section we derive the five-dimensional

cubic interaction terms between two dilatini and a vector field from type IIB supergravity.

This vector field Ba is a linear combination of off-diagonal graviton fluctuations of the form

haα, and the four-form potential fluctuations with one index on AdS5 and three indices

on S5, denoted by aaαβγ , being both ten-dimensional fields of type IIB supergravity. The

vector field modes can be massless or massive, and we discuss both situations in general

terms. As anticipated in the introduction we carry out a procedure which is somehow

anologous to the derivation of the cubic interaction terms involving two scalars of the type

sI and one scalar of the type tI or φI developed in references [8, 9],3 in the sense that we

begin with the linearised EOMs of the dilatino and the field Ba in type IIB supergravity

3Recall that the scalars sI and tI are mixtures of the four-form potential fluctuations aαβγδ on S5 with

the trace of the graviton on S5 (h α
α ), while the scalar φI is given by the graviton fluctuations on S5 (hαβ).
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and add fluctuations to them. To our knowledge the interactions between dilatini and the

vector field modes Ba that we derive in this work have not been considered in previous

literature.

Let us recall that the bosonic field content of type IIB supergravity includes the gravi-

ton, a complex scalar, a complex two-index antisymmetric tensor, and a real four-index

antisymmetric tensor APQRS that we call the four-form potential. M,N,P, · · · = 0, · · · , 9
denote ten-dimensional curved indices. On the other hand, the fermionic sector contains a

chiral complex gravitino and a chiral complex spin-1/2 fermion (the dilatino λ̂) of opposite

chirality.

2.1 Derivation of the dilatino EOM coupled to a vector field Bl
a

In order to derive the cubic interaction terms with two dilatini and a vector field let us

consider the covariant EOMs of type IIB supergravity fields [37–39]. Then, we can add

second order corrections in the supergravity fields to the linearised contributions. This

method has been used by Lee, Minwalla, Rangamani and Seiberg in [8] considering cubic

interaction terms involving sI scalars. Also, Arutyunov and Frolov used these ideas to

obtain cubic and quartic Lagrangians [9, 40]. In our case we must derive interactions

between two dilatini λ̂ and a vector field mode Bl
a. Specifically, for the DIS calculation we

consider we need the massless mode of this vector field B1
a, i.e. l = 1.

The type IIB supergravity EOMs for the ten-dimensional metric and the five-form field

strength are [7]4

RMN =
1

3!
FMPQRSF

PQRS
N , F5 = ∗F5 , (2.1)

where M,N,O, . . . are curved indices in ten dimensions. The second equation is the self-

duality condition for F5. The symbol ∗ stands for the ten-dimensional Hodge dual operator.

The five-form field strength is given by

FMPQRS = 5∂[MAPQRS] = ∂MAPQRS + 4 terms . (2.2)

A solution of the above equations is given by the AdS5 × S5 background with a constant

five-form field strength and a constant dilaton field, while the rest of supergravity fields

are zero,

ds2 = g0MNdxMdxN =
dz2 + ηµνdx

µdxν

z2
+ dΩ2

5 , (2.3)

F 0
abcde = ǫabcde, F 0

αβγδǫ = ǫαβγδǫ , (2.4)

where a, · · · e and α, · · · , ǫ are AdS5 and S5 curved indices, respectively. We use the mostly

plus four-dimensional Minkowski metric ηµν = diag(−1,+1,+1,+1). We have set to one

4There is a minus sign of difference in comparison with equation (2.1) of Kim, Romans and van Nieuwen-

huizen (KRvN) [7]. It comes from the definition of the Ricci tensor which we define as RMN = RK
MNK

as in [8], while in [7] it is defined as R
(KRvN)
MN = RK

MKN . Therefore, our Ricci tensor has an overall minus

sign with respect to the KRvN’s one RMN = −R
(KRvN)
MN .
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the radius of S5 as well as the scale of the AdS5 space. Now, we consider the fluctuations

of the ten-dimensional type IIB supergravity fields which can be written as follows

gMN = g0MN + hMN , (2.5)

AMNOP = A0
MNOP + aMNOP , FMNOPR = F 0

MNOPR + fMNOPR , (2.6)

where the label 0 indicates the background fields solution.

The EOMs for the bosonic and fermionic fields linearised in fluctuations of the fields

on the AdS5 × S5 background have been obtained in reference [7]. Bosonic and fermionic

fluctuations have been expanded in scalar, vector and spinor spherical harmonics on S5

respectively, obtaining the bosonic and fermionic mass spectra. In the present work we are

interested in the interactions of the dilatino with the massless mode of the vector field Ba.

Since this field is obtained from the off-diagonal metric perturbations haα and the four-form

potential perturbations aaαβγ , we focus on their EOMs. In order to fix the redundancies

coming from the diffeomorphism invariance one imposes the de Donder gauge5

∇αhaα = ∇αh(αβ) = 0 , h(αβ) = hαβ − 1

5
gαβh

γ
γ , (2.7)

∇αaαβγδ = ∇αaαβγa = ∇αaαβab = ∇αaαabc = 0 , (2.8)

where (αβ) indicates symmetrization and traceless. This allows to eliminate certain fluctu-

ations, thus simplifying the EOMs. After imposing the de Donder gauge on the off-diagonal

metric fluctuations, they can be expanded in vector spherical harmonics on S5 [7]6

haα(x, y) =
∑

I5

AI5
a (x)Y I5

α (y) (2.9)

(�− 4)Y l
α(y) = −(l + 1)(l + 3)Y l

α(y) , (2.10)

where l = 1, 2, . . . . The coordinates x are on AdS5 space while the y’s are on S5.

The fluctuations of the four-form potential which are relevant for us are

aaαβγ =
∑

I5

ΦI5
a (x) ǫαβγδǫ∇δY I5ǫ(y) , aαabc =

∑

I5

bI5abc(x)Y
I5
α (y) . (2.11)

The second fluctuation can be rewritten as

aαabc =
∑

I5

ǫabcde∇dΦI5e(x)Y I5
α (y) . (2.12)

The corresponding EOMs to the fluctuations AI5
a (x) and ΦI5e(x) are coupled Maxwell-

Einstein equations. After diagonalizing these equations the eigenvectors are the vector

modes Bl
a and C l

a, while their corresponding eigenvalues are M2
B,l and M2

C,l for l ≥ 1,

Bl
a = Al

a − 4(l + 3)Φl
a , M2

B,l = (l2 − 1) , (2.13)

C l
a = Al

a + 4(l + 1)Φl
a , M2

C,l = (l + 3)(l + 5) . (2.14)

5∇α denotes the covariant derivative.
6I5 represents the five indices (l5, l4, l3, l2, l1) of the spherical harmonics on S5. As shown in equa-

tion (2.10) there is a mass degeneracy, i.e. it only depends on l5. Thus, in order to make the notation

simpler we can set l5 ≡ l and drop the indices l1, l2, l3, l4. Through this work we use both I5 (meaning the

above five indices) and l = l5.

– 7 –
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The corresponding irreducible representations of the SU(4) ∼ SO(6) group are 15, 64,

175, . . . for l = 1, 2, 3, . . . for both towers of vector modes. The quadratic action with

its normalisation constant has been obtained in [41]. In that paper Arutyunov and Frolov

obtained the normalisation by comparison with the covariant action found in reference [11].

As we shall see, in the holographic dual calculation of the DIS process all the normalisation

constants of the supergravity fields are included in a single overall factor. Thus, for the

calculation of DIS structure functions that we develop in this work we do not need to

obtain the normalisation corresponding to the interaction of two dilatini with the vector

field. What really matters is the relative constant b1kj between the minimal coupling

interaction and the Pauli interaction terms in the effective five-dimensional action shown in

equation (2.54), that we derive from type IIB supergravity. b1kj is given in terms of certain

angular integrals that we solve. In addition, we determine the values of the coupling Q,

which as already commented cannot be zero. Also, for the holographic approach to the

DIS we are interested in the interaction with the massless vector modes which are given

by setting l = 1 in equation (2.13). In this case the vector spherical harmonics are Killing

vectors of S5. In fact these massless modes are the 15 Yang-Mills gauge fields corresponding

to the SU(4) group.

Now, we derive the interaction terms between the vector field Bl
a with l ≥ 1 and the

dilatini. We begin with the covariant EOM of the ten-dimensional dilatino λ̂, then add

second order fluctuations. The EOM reads

ΓMDM λ̂− i

2 5!
ΓM...PFM...P λ̂ = 0 . (2.15)

In a similar way one can obtain the EOM for ˆ̄λ = iλ̂†Γ1̂. The Γ matrices can be written as

Γa = σ1 ⊗ I4 ⊗ γa, and Γα = −σ2 ⊗ τα ⊗ I4 , (2.16)

satisfying the Clifford algebra

{ΓM̂ ,ΓN̂} = 2ηM̂N̂ , {γâ, γb̂} = 2ηâb̂ , {τα̂, τβ̂} = 2δα̂β̂ . (2.17)

σ1 and σ2 are the Pauli matrices. Indices M̂, N̂ , P̂ , . . . , â, b̂, ĉ, . . . and α̂, β̂, γ̂, . . . correspond

to flat space-time in ten and five dimensions, respectively.

The dilatino field is a right-handed spinor

λ̂ =
1

2
(1− Γ11) λ̂ =

(

0

λ

)

, (2.18)

where

Γ11 = Γ0̂ . . .Γ9̂ =

(

I16 0

0 −I16

)

. (2.19)

The covariant derivative DM is defined in terms of the spin connection and the opera-

tor QM :

DM = ∂M +
1

2
ωN̂Ô
M ΣN̂Ô +QM . (2.20)

– 8 –
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The U(1) connection QM couples the dilatini with the axio-dilaton field, thus it is irrelevant

for the DIS process we are interested in at tree level.7 We define ΣÂB̂ = 1
4(ΓÂΓB̂ −ΓB̂ΓÂ)

while the spin connection is given in terms of the vielbein

ωM̂N̂
M = eM̂O ∇MeON̂ = −eON̂∇MeM̂O = eM̂O ∂MeON̂ + eM̂O eRN̂ΓO

RM , (2.21)

and

ηM̂N̂eM̂N eN̂M = gMN . (2.22)

By taking into account the off-diagonal metric perturbations one obtains the corresponding

first-order corrections to the vielbein. We choose the standard parametrization to describe

the vielbein and the Kaluza-Klein fields, obtaining

(e0)M̂N =
√
gNNδM̂N , (e0)N

M̂
=

1√
gNN

δN
M̂

. (2.23)

The vielbein depends on the metric perturbations in the following way

eN̂N = (e0)N̂N + δeN̂N =

(

eb̂a AI5
a Y I5β̂

0 eβ̂α

)

, eN
N̂

=

(

eaâ −AI5
â Y I5β

0 eβα̂

)

,

eN̂N =

(

eâa 0

−AI5âY I5β eα̂β

)

. (2.24)

Then, we can collect the first-order terms in the vector fields Aa which contribute to the

variation of the vielbein δe. Firstly, we analyse the fluctuations of the kinetic term in

equation (2.15) which come from the contraction with the metric. We have to consider the

vielbein present in the ΓMDM contraction as well as the two vielbeins in the definition of

the spin connection and the Christoffel symbol. We begin with the study of the fluctuations

coming from ΓMDM . Thus, we obtain

ΓL̂δeM
L̂

(

∂M +
1

2
ωM̂N̂
M ΣM̂N̂

)

λ̂ = −AI5
â ΓâY I5α

(

∂α +
1

2
ωM̂N̂
α ΣM̂N̂

)

λ̂

= −
(

σ1 ⊗ I4 Y I5αDα ⊗ γaAI5
a

)

λ̂ . (2.25)

In the second line of this equation we obtain the factor γaAI5
a which has indices running

on AdS5, which is similar to the minimal coupling. However, there is an additional factor

on S5, which is the contraction of the vector spherical harmonic Y I5α and the covariant

derivative. Recall that when l = 1, Y I5α becomes a Killing vector on S5. Together

with another contribution this generates the angular momentum operator associated with

the U(1) symmetry. The corresponding spinor spherical harmonics are eigenstates of this

operator, and in this way it reduces to the minimal coupling studied in [1].

7It would be relevant for one-loop supergravity calculations of the holographic dual description of DIS

which correspond to 1
N

corrections.
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Now, let us consider perturbations on the spin connection given by

ΓL̂eM
L̂

(

1

2
δωM̂N̂

M ΣM̂N̂

)

=
1

2
ΓL̂eM

L̂

(

δeM̂O ∇MeON̂ + eM̂O ∇MδeON̂ + eM̂N eRN̂δΓN
RM

)

ΣM̂N̂

= −σ2 ⊗ Y I5ατα ⊗
(

1

4
ebĉeab̂F̃ I5

baΣĉb̂

)

−σ1 ⊗ τβ∇β(Y
I5α)τα ⊗ 1

4
γaAI5

a , (2.26)

where we have used the following identities deduced from the commutation relations of the

Γ matrices

Γγ̂Σβ̂â = Σγ̂β̂Γâ +
1

2
ηγ̂β̂Γâ , (2.27)

Σβ̂âΓγ̂ =
1

4
(Γβ̂Γâ − ΓâΓβ̂)Γγ̂ = Σγ̂β̂Γâ −

1

2
ηγ̂β̂Γâ . (2.28)

As a consistency check one can show that the non-gauge invariant terms of the form ∇ ·A
which come from the vielbein perturbations cancel exactly with those coming from the

Christoffel symbols, thus leading to a gauge invariant result as expected.

Now, let us write all the terms induced by the off-diagonal metric perturbations on

ΓMDM acting on the dilatino. We obtain

ΓMDM λ̂ = (γaDa + iταDα)λ− γaAI5
a

(

Y I5αDα − 1

4
τατγ∇γY

I5
α

)

λ

+
i

4
F̃ I5abΣabταY

I5αλ+O(ψ3) , (2.29)

where we have defined the tensor F̃ I5
ab = ∂aA

I5
b − ∂bA

I5
a , related to the gauge field coming

from the off-diagonal metric perturbation. In equation (2.29) the term O(ψ3) indicates

that this expansion includes quadratic terms in the fluctuations of the considered fields. ψ

here denotes linear fluctuations of the type IIB supergravity fields.

Note that in order to obtain the above equation we have expanded the fermionic field

λ of equation (2.18) in terms of the spinor spherical harmonics on S5, Θ+
k (y) and Θ−

k (y),

λ =
∑

k

(

λ+
k (x)Θ

+
k (y) + λ−

k (x)Θ
−
k (y)

)

, (2.30)

which satisfy the corresponding Dirac equations

ταDαΘ
±
k = ∓i

(

k +
5

2

)

Θ±
k with k ≥ 0 . (2.31)

The construction of the spinor spherical harmonics on S5 can be done iteratively from

lower dimensional spheres using the method developed in [42]. Another way to construct

them has been studied in reference [43] from Killing spinors on S5.

Also, to obtain equation (2.29) the matrices τα and ∇γY
I5
α have been exchanged.

This only gives a change of sign, since ηατ from the anti-commutation relation contracts

the vector spherical harmonic with the covariant derivative and it vanishes. The charge

– 10 –



J
H
E
P
0
6
(
2
0
2
0
)
0
6
3

eigenvalues are associated with the operator vαDα − 1
4τ

ατγ∇γvα, where Y α is replaced by

the Killing vector vα.8

Now, let us focus on the perturbations of the four-form potential at first order which

are relevant for the case we consider. Thus, we have

i

2 · 5!Γ
M1···M5FM1···M5 λ̂ = −(σ+ ⊗ I16)λ̂+O(ψ2) , (2.32)

where σ+ = σ1+iσ2

2 . At first order it corresponds to a mass term in AdS5 which adds to

the D’Alambertian operator coming from the kinetic term. In order to obtain the second

order perturbations we note that F5 includes vector perturbations related to the vector

components of the four-form potential given in equation (2.11). These perturbations lead

to the following contributions to F5: f
(1)
aαβγδ, f

(2)
αabcd, f

(3)
abαβγ and f

(4)
abcαβ.

We can write the F5 fluctuations by using the decomposition in spherical harmonics

which leads to

f
(1)
aαβγδ = 5∂[aaαβγδ] = ∂aaαβγδ − ∂αaaβγδ − ∂βaαaγδ − ∂γaαβaδ − ∂δaαβγa

= ΦI5
a (x) (−ǫβγδǫτ∂α + ǫαγδǫτ∂β + ǫβαδǫτ∂γ + ǫβγαǫτ∂δ)∇ǫY I5τ (y).

(2.33)

There is a sum over indices of the spherical harmonics on S5 that we omit to simplify the

notation. The rest of the fluctuations can be written as

f
(2)
αabcd = Y I5

α (y) (−ǫbcdef∂a + ǫacdef∂b + ǫbadef∂c + ǫbcaef∂d)∇eΦI5f (x) , (2.34)

f
(3)
abαβγ =

(

∂aΦ
I5
b (x)− ∂bΦ

I5
a (x)

)

ǫαβγδǫ∇δY I5ǫ = F̄ I5
ab ǫαβγδǫ∇δY I5ǫ(y) , (2.35)

f
(4)
abcαβ = ∂[αaβ]abc =

(

∇αY
I5
β −∇βY

I5
α

)

ǫabcde∇dΦI5e(x) , (2.36)

where we have defined a new two-form field strength F̄ I5
ab = ∂aΦ

I5
b − ∂bΦ

I5
a . After some

algebra, and using properties of the gamma matrices we obtain

i

2 · 5!Γ
M1···M5f

(1)
M1···M5

=
i

2

(

σ1 ⊗
(

τα∇β∇βY I5α − τβ∇α∇βY I5α
)

⊗ γaΦI5
a

)

, (2.37)

i

2 · 5!Γ
M1···M5f

(2)
M1···M5

=
1

2

(

σ2 ⊗ ταY I5
α ⊗

(

γa∇b∇bΦI5a − γa∇b∇aΦI5b
))

, (2.38)

i

2 · 5!Γ
M1···M5f

(3)
M1···M5

=
i

2

(

σ2 ⊗ τατβ∇αY
I5
β ⊗ γaγbF̄ I5

ab

)

, (2.39)

i

2 · 5!Γ
M1···M5f

(4)
M1···M5

=
1

2

(

σ1 ⊗ τατβ∇αY
I5
β ⊗ γaγbF̄ I5

ab

)

. (2.40)

8Note that this operator reduces to i ∂
∂θ1

for the first constant Killing vector. θ1, . . . , θ5 denote the angles

of S5.
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Finally, we consider the contributions of the fluctuations of the vielbein to the con-

traction of ΓM̂ ···P̂ with F5, leading to

iΓM̂5···M̂5δeM1

M̂1
· · · eM5

M̂5
FM1···M5 + · · ·+ iΓM̂5···M̂5eM1

M̂1
· · · δeM5

M̂5
FM1···M5

= i

(

5

2 · 5!Γ
α̂δeaα̂Γ

bΓcΓdΓeǫabcde +
5

2 · 5!Γ
âδeβâΓ

γΓδΓǫΓτ ǫβγδǫτ

)

=
i

2 · 4!Γ
âAâY

βΓγΓδΓǫΓτ ǫβγδǫτ

= −iσ1 ⊗ τβY I5
β ⊗ 1

2
γaAI5

a . (2.41)

The EOMs of the dilatino field modes λ±
k corrected to second order in the perturbations

of the fields read

(γaDa +m±
k )λ

±
k =

(

γaAI5
a (Y I5αDα − 1

4
τατγ∇γY

I5
α )− i

4
F̃ I5ab ΣabταY

I5α

+
i

2

(

τα∇β∇βY I5α − τβ∇α∇βY I5α
)

γaΦI5
a

− i

2
ταY I5

α

(

γa∇b∇bΦI5a − γa∇b∇aΦI5b
)

+
(

τατβ∇αY
I5
β

)

γaγbF̄ I5
ab −

i

2
ταY I5

α γaAI5
a

)

λ±
k +O(ψ3) , (2.42)

where m+
k = k+ 7

2 and m−
k = −

(

k + 3
2

)

are the masses of the Kaluza-Klein dilatino modes

λ±
k . Note that we again have omitted the sum for λ±

k Θ
±
k .

2.2 Interaction terms of two dilatini with a massless vector field mode B1
a

Now, let us study the perturbations associated with a massless vector mode. Such pertur-

bations correspond to setting l = 1, therefore the corresponding vector spherical harmonic

on S5 is a Killing vector on the sphere: Y 1
α = vα, which satisfies the equation

∇αvβ +∇βvα = 0 . (2.43)

In order to obtain the interactions with two dilatini we now consider the massless vector

mode B1
a. Thus, we obtain

(γaDa +m±
k )λ

±
k =

(

1

3
γaB1

a(v
αDα − 1

4
τατγ∇γvα)−

i

12
F ab Σabταv

α (2.44)

− i

2 · 24
(

τα∇β∇βvα − τβ∇α∇βvα
)

γaB1
a (2.45)

+
i

2 · 24τ
αvα

(

γa∇b∇bB1a − γa∇b∇aB1b
)

(2.46)

− 1

24

(

τατβ∇αvβ

)

γaγbFab −
i

6
ταvαγ

aB1
a

)

λ±
k . (2.47)

The term in the line (2.46) vanishes since it contains the EOM of the massless vector field

at first order γa∇bF
ba = 0, where we have defined a third type of two-form field strength:

Fab = ∇aB
1
b −∇bB

1
a , (2.48)
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which turns out to be a linear combination of the form Fab = F̃ 1
ab − 16F̄ 1

ab. In fact, the

term (2.46) introduces cubic corrections which are irrelevant for the calculation we are

interested in. The contribution of line (2.45) can be simplified by noting that the Killing

vector vα satisfies the EOM of the vector spherical harmonics for l = 1, and it exactly

cancels the last term in the line (2.47), as explicitly shown below:

−i

2 · 24
(

τα∇β∇βvα(y)− τβ∇α∇βvα(y)
)

γaB1
a(x) =

−2i

2 · 24
(

τα∇β∇βvα(y)
)

γaB1
a(x)

=
−2

2 · 24(−4iταv
α)γaB1

a(x)

=
i

6
(ταv

α)γaB1
a(x) . (2.49)

The operator multiplying to γaB1
a in equation (2.44) is associated with an angular mo-

mentum operator. If the Killing vector v1 is associated with the angle θ1 the operator

becomes the usual angular momentum operator i ∂
∂θ1

. The spinor spherical harmonics are

charge eigenstates of this operator and generate the minimal coupling term used in the

holographic dual DIS calculations [1]

(

vαDα − 1

4
τατγ∇γvα

)

Θ±
k = −iQ Θ±

k . (2.50)

Notice that the spinor spherical harmonics Θ±
k have five li’s indices which are related to the

five-sphere angles in a similar way as for the vector spherical harmonics. The eigenvalues of

the Dirac equation (2.31) and the Kaluza-Klein masses depend on l5 = k, while the charge

Q, defined from a Killing vector, depends on l1. For τ = 3, all li’s are zero and Q = ±1/2,

however for general twist the charge depends on the spinor spherical harmonics.

Next, one has to project the spinor on the spinor spherical harmonics Θ±
k , expressing

the result in terms of angular integrals on S5

(γaDa +m±
j )λ

±
j = −i

Q
3
a1kjγ

aB1
aλ

±
k − i

12
b1kjF

ab Σabλ
±
k , (2.51)

where a1kj and b1kj correspond to the following angular integrals:9

a1kj =

∫

dΩ5 Θ†
j Θk = δkj , (2.52)

b1kj =

∫

dΩ5 Θ†
j

(

ταv
α − iτατβ∇αvβ

)

Θk . (2.53)

The integral b1kj can be simplified and rewritten in terms of the first term.10 In addition,

starting from the EOM for
¯̂
λ one arrives to a consistent result.

In this way the interactions that we obtain do not have higher order derivatives and

can be directly derived from an effective five-dimensional action. Thus, it is not necessary

to carry out non-linear redefinitions of the fields as discussed in references [9, 44].

9Also, we have to consider the ± indices related to the fermionic modes λ±

k .
10Details are given in appendix A.
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Finally, we obtain the five-dimensional cubic interaction terms, which are relevant for

the holographic dual description of DIS that we are interested in

Sint = K

∫

dz d4x
√

−gAdS5 ×
(

i
Q
3
λ̄±
k γ

aB1
aλ

±
k + i

b±,±
1kj

12
λ̄±
j F

abΣabλ
±
k + i

b∓,±
1kj

12
λ̄±
j F

abΣabλ
∓
k

)

. (2.54)

The first term is similar to the minimal coupling given in [1], though now we explicitly

indicate that the massless vector field is a linear combination of the AdS5 vector components

of metric and the four-form potential. Also, this term displays the interactions for all

possible dilatino modes labeled with the subindex k. Recall that Q depends on each spinor

and cannot be zero. This is a crucial difference with respect to [3], and it comes from the

fact that equation (2.54) is directly derived from type IIB supergravity. On the other hand,

for the Pauli term an interesting comment is that b±,±
1kj and b∓,±

1kj are constants obtained from

angular integrals on S5, which we calculate in the following sections and in appendix A for

the case of the twist-3 operator. Another important remark is that the Pauli interaction

allows for the mixing of dilatino modes of the two towers (i.e. λ±) with labels k and k ± 1

through the interaction given by the third term as explained in section 4.3.2. Also notice

that since this effective action contains both kind of dilatino modes λ±, it permits to

investigate the contributions of both O(6)
k and O(13)

k N = 4 SYM theory operators to the

current-current OPE which leads to the hadronic tensor.

Although the normalisation constant K can be obtained, for the DIS process we con-

sider in the present work it is not important since there will be other normalisation con-

stants related to the wave-functions of the dilatino and the massless vector field, which we

can write as a single overall factor for the expression of the hadronic tensor, thus being the

same for all the corresponding structure functions. Therefore, effectively there will be just

one single parameter for the whole set of structure functions, namely |a0|. The holographic
dual description of the DIS process that we consider requires tree-level Feynman-Witten

diagrams involving spin-1/2 hadrons and the electromagnetic current.

3 Hadronic tensor of spin-1/2 hadrons

The structure of hadrons can be characterized by the hadronic tensor Wµν associated to

deep inelastic scattering. In this process a charged lepton interacts with a hadron by

the exchange of a virtual photon with four-momentum qµ, the photon probes the hadron

which decays into the final states X . Schematically this process is represented in figure 1,

where Pµ denotes the four-momentum of the initial hadron and Pµ
X denotes the total

four-momentum of the final hadron states.

The relevant kinematic variable is the Bjorken parameter x = −q2/(2P · q) which is

kept fixed in the DIS limit q → ∞. The hadronic tensor can be written in terms of the

sum of symmetric and antisymmetric parts

Wµν = W (S)
µν (q, P ) + i W (A)

µν (q, P, s) , (3.1)
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Figure 1. Illustration of DIS. A charged lepton exchanges a virtual photon with a hadron of

four-momentum P . The incoming and outgoing lepton four-momenta are k and k′, respectively.

and for an incident hadron with spin 1/2 the hadronic tensor can be decomposed in eight

structure functions [45, 46]

W (S)
µν =

(

ηµν −
qµqν
q2

)[

F1(x, q
2) +

M S · q
2P · q g5(x, q

2)

]

− 1

P · q

(

Pµ − P · q
q2

qµ

)(

Pν −
P · q
q2

qν

)[

F2(x, q
2) +

M S · q
P · q g4(x, q

2)

]

− M

2P · q

[(

Pµ − P · q
q2

qµ

)(

Sν −
S · q
P · qPν

)

+

(

Pν −
P · q
q2

qν

)(

Sµ − S · q
P · qPµ

)]

g3(x, q
2) , (3.2)

W (A)
µν = −M ǫµνρσ qρ

P · q

(

Sσg1(x, q
2) +

[

Sσ − S · q
P · qP

σ

]

g2(x, q
2)

)

− ǫµνρσq
ρP σ

2P · q F3(x, q
2) ,

(3.3)

where M is the mass of the incident hadron and Sµ its spin vector defined as

2Sµ = ū(k, s)γµγ5u(k, s) . (3.4)

We are using the mostly plus metric ηµν = diag(−1, 1, 1, 1). It is worth mentioning that in

QCD the structure functions g3, g4, g5 and F3 vanish for the electromagnetic DIS. However,

in this work we consider an IR deformation of the chiral theory N = 4 SYM, therefore it

leads to a non-vanishing F3 and gi with i = 3, 4, 5.

Using the optical theorem one obtains the relations

W (S)
µν = 2π Im(T (S)

µν ) , W (A)
µν = 2π Im(T (A)

µν ) , (3.5)

where the tensor Tµν is defined by the time-ordered expectation value of two electromag-

netic currents inside the hadron

Tµν ≡ i

∫

d4ξ eiq·ξ 〈P,Q, S|T̂{Jµ(ξ)Jν(0)}|P,Q, S〉 , (3.6)

while its imaginary part can be expressed as

Im(Tµν) = 2π2
∑

X

δ(M2
X + (P + q)2)〈P,Q, S|Jν(0)|PX ,Q, S〉〈PX ,Q, S|Jµ(0)|P,Q, S〉 ,

(3.7)
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where Jµ is the electromagnetic current inside the hadron and the tensor can be expressed

in terms of a sum over the intermediate states X . The optical theorem has been used to

obtain equation (3.7).

4 Structure functions of polarised spin-1/2 hadrons from type IIB su-

pergravity

In this section we carry out the holographic dual calculation of all the structure functions

corresponding to the DIS process of a charged lepton off a polarised spin-1/2 hadron which

is represented by a dilatino field mode. Since we consider the regime λ
−1/2
SYM ≪ x < 1

of the Bjorken parameter we use type IIB supergravity compactified on AdS5 × S5. The

starting point is the five-dimensional action that we have derived in section 2 given by

equation (2.54). Essentially, it contains two very different types of terms, namely: the

first one corresponding to the minimal coupling, and the second one which is the so-called

Pauli term (the second and third terms of (2.54)). There are several crucial differences

with respect to the calculations of references [2] and [3]. The first one is that we have

derived all fermionic interactions from first principles using type IIB supergravity as ex-

plained in section 2. This allows us to calculate the relative constants b1kj ’s between the

terms of equation (2.54). Therefore, we obtain the precise contribution of these terms to

the hadronic tensor and the structure functions. Also, from the angular integrals on S5 we

obtain selection rules (previously unknown) that in the case of the minimal coupling pre-

serve the nature of the incident hadron. Interestingly, in the case of the Pauli interaction

the selection rules give also a mixing of the initial and the intermediate states with certain

specific quantum numbers, in addition to the case where the initial and intermediate states

are the same.

The gauge/string duality relates the large N limit of the conformal SU(N) N = 4

SYM theory with type IIB superstring theory on AdS5 × S5. In order to study the DIS

procces we need to break the conformal invariance by introducing a confinement scale Λ.

Thus, it leads to the so-called hard-wall model proposed by Polchinski and Strasler [1],

where the conformal symmetry is broken by introducing a cut-off z0 = 1/Λ in the fifth

coordinate of AdS5. This leads to a mass gap for the hadrons.

The electromagnetic current inside the hadron comes from gauging the global U(1)R
symmetry subgroup of the SU(4)R R-symmetry group of N = 4 SYM theory. The electro-

magnetic current operator inserted at the boundary of the AdS5 induces a non-normalizable

B1
a(x) gauge field Kaluza-Klein mode which propagates in the bulk. As explained in sec-

tion 2 the vector field B1
a(x) is associated with a fluctuation of the metric and the four-form

potential of the type IIB supergravity. The U(1)R is dual to an U(1) subgroup of the SO(6)

isometry group of the S5, with Killing vector vα. Recall that xa with a = 0, 1, . . . , 4 are

coordinates on AdS5, then we split (xa) = (xµ, z) where Greek indices µ, ν, · · · = 0, 1, 2, 3

and z is the fifth coordinate.

In the Lorentz-like gauge

∂µB1
µ + z∂z

(

B1
z

z

)

= 0 , (4.1)
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the vector field satisfies the following Maxwell-Einstein equations in AdS5

−q2B1
µ + z∂z

(

1

z
∂zB

1
µ

)

= 0 , (4.2)

−q2B1
z + ∂z

(

z∂z

(

B1
z

z

))

= 0 , (4.3)

with the boundary condition

B1
µ(xν , z → 0) = B1

µ(xν)|4d = nµe
iq·x (4.4)

where q · x = qνx
ν . The solutions of the above equations with the boundary condition are

given by

B1
µ = nµe

iq·xqzK1(qz), B1
z = i n · q eiq·xzK0(qz) . (4.5)

The Pauli term contains the Fµν tensor, which can be simplified by using the recur-

rence properties of the Bessel functions, obtaining the following expressions in terms of the

modified Bessel functions of second kind,

Fµν = eiq·x q z i (qµnν − qνnµ)K1(qz) , (4.6)

Fzµ = eiq·x
(

−nµq
2 + (n · q)qµ

)

zK0(qz) . (4.7)

The holographic spin-1/2 hadron corresponds to the dilatino field in type IIB supergravity.

From equation (2.30) we can expand the spinors in terms of spherical harmonics Θ±
k (yα)

which are solutions of the Dirac operator with positive or negative eigenvalues (2.31). These

generate two Kaluza-Klein mass towers for spin-1/2 fermions λ±
k in AdS5 as described in

section 2.1. The λ−
k (xµ, z) modes are the holographic dual fields corresponding to the

O(6)
k ∼ tr(F+λN=4X

k) operators with conformal dimensions ∆ = k + 7
2 , (twist τ = k + 3)

with k = 0, 1, 2 · · · , which belong to the 4∗, 20∗, 60∗, · · · , representations of the SU(4)R.

The λ+
k (xµ, z) modes are associated with the O(13)

k ∼ tr(F 2
+λ̄N=4X

k) operators of N = 4

SYM theory with ∆ = k + 11
2 (twist τ = k + 5), which belong to the 4, 20, 60, · · · ,

representations of the R-symmetry group. Properties of these operators are summarized

in the table 7 of reference [6].11

We consider the λ−(xµ, z) mode with k = 0 since it has the minimal twist τ = 3,

therefore providing the leading contribution to the hadronic tensor of spin-1/2 fermions.

The λ−
k (xµ, z) dilatino mode in AdS5 satisfies the Dirac equation12 with mass m̃1(k) = k+ 3

2 ,

(γmDm − m̃1(k))λ
−
k =

(

zγm∂m − 2γ5 − m̃1(k)
)

λ−
k = 0 . (4.8)

The normalisable solution with four-momentum Pµ is

λ−
k (xµ, z) = CeiP ·xz

5
2

(

Jm̃1−
1
2
(Mz)a+ + Jm̃1+

1
2
(Mz)a−

)

, (4.9)

11Notice that in the table of page 50 of [6] the conjugate irreducible representations of SU(4)R are related

to the operators O
(13)
k . However, those representations correspond to O

(6)
k operators, and reciprocally

(see [7]).
12Note that in reference [47] the authors consider the Euclidean case without a cut-off, therefore their

solutions are different.
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where a+ and a− are spinors satisfying γ5a± = ±a± and C is a normalisation constant.

This solution solves the Bessel differential equation obtained after acting with γn∂n on the

Dirac equation (4.8). Then, using the Dirac equation we find that these spinors are related

by a+ = i
γµpµ
M a− . We construct the Dirac spinor in four dimensions uσ from a± = P±uσ,

therefore the solution can be written as

λ−
k (xµ, z) = CeiP ·xz

5
2 (Jτ−2(Mz)P+ + Jτ−1(Mz)P−)uσ , (4.10)

where

γµPµuσ = iMuσ , P 2 = −M2 , the projectors P± =
(I ± γ5)

2
, (4.11)

and τ = ∆− 1
2 = m̃1 + 3/2 is the twist of the corresponding N = 4 SYM theory operator

O(6)
k . I denotes the identity matrix.

The modified Bessel function of second kind of B1
µ falls exponentially for 1

q < z.

Therefore, in the limit of hard scattering (Λ ≪ q) the interaction occurs in the conformal

region near the boundary,

zint ∼
1

q
. (4.12)

In this region, we can expand the wave-function of the incident hadron in the DIS limit

(Λ ∼ M ≪ q) up to second order in M/q, obtaining

λ−
i ∼ eiPi·xc′iz

3/2
0

(

z

z0

)m̃i+2
[

P+ +
Miz

2
(

m̃1 +
1
2

)P−

]

uσi . (4.13)

In order to obtain the polarised structure functions we have expanded up to second order

the initial hadron wave-function. In the non-polarised case of reference [1] this is not

necessary. For the intermediate state, the approximation does not hold since MX ∼ q and

we have to use the complete wave function,

λ̄−
X = e−iPX ·xc′X

M
1/2
X

z
1/2
0

z5/2ūσX
[

P−Jm̃X−1/2(MX z) + P+Jm̃X+1/2(Mz)
]

. (4.14)

The selection rules derived from the angular integrals allow the interaction with the

fermionic states of the 4, 20, 60, . . . representations of SU(4) (recall that in terms of

the SYM theory these correspond to O(13)
k operators). The Dirac equations in AdS5 for

these supergravity fields are

(γmDm + m̃2(k))λ
+
k =

(

zγm∂m − 2γ5 + m̃2(k)
)

λ+
k = 0 , (4.15)

where m̃2(k) = k + 7
2 . Analogously, we calculate the wave-function of the intermediate

state with four-momentum Pµ
X , given by

λ̄+
X (xµ, z) = e−iPX ·xc′X

M
1/2
X

z
1/2
0

z
5
2 ūσX

(

Jm̃X+ 1
2
(MX z)P− + Jm̃X− 1

2
(MX z)P+

)

, (4.16)

where the spinor ūσX satisfies the Dirac equation.

– 18 –



J
H
E
P
0
6
(
2
0
2
0
)
0
6
3

4.1 Selection rules for an incident τ = 3 spin-1/2 fermion

The interaction vertices we consider have coefficients involving integrals over the spinor

spherical harmonics. These integrals lead to selection rules for the outgoing fermionic

states (or the intermediate states in the related forward Compton scattering) and the type

of interactions that occur in the AdS5 space. In the strongly coupled N = 4 SYM theory

the leading contribution to the hadronic tensor comes from the twist τ = 3 operator,

therefore k = l5 = 0,13 and the other quantum number l1, l2, l3 and l4 vanish too, since

they satisfy l5 ≥ l4 ≥ l3 ≥ l2 ≥ l1.

Following the formalism proposed in reference [42] we obtain the explicit expressions of

the spinor spherical harmonics. The case with minimal twist14 has a degeneration related

to the 4* representation and it implies that there are four spin-1/2 fermionic modes λ−
0a

with a = 1, 2, 3, 4. We have explicitly verified that the final result does not depend on the

choice of the initial state (among the above λ−
0a

modes belonging to the 4* irrep). Thus,

without loss of generality we choose the following normalised state

Θ−
(0,0,0,0,0)a=1

=
e−iQθ1

π3/2

















e−i 1
2
(θ3−θ5) cos

(

θ2
2

)

cos
(

θ4
2

)

−ei
1
2
(θ3+θ5) sin

(

θ2
2

)

cos
(

θ4
2

)

−e−i 1
2
(θ3+θ5) cos

(

θ2
2

)

sin
(

θ4
2

)

e−i 1
2
(−θ3+θ5) sin

(

θ2
2

)

sin
(

θ4
2

)

















, (4.17)

where the charge is Q = 1
2 and the sub-index a is associated with the 4∗ representation of

SU(4). In the present case we have chosen a = 1. The angles θi’s correspond to S5 and

they are associated with the li’s.

Notice that the spinor spherical harmonics Θ−
k have in fact a dependence on the five

indices (l5, l4, l3, l2, l1), which in order to simplify the notation we have omitted in the

formulas presented in section 2. Since in the present work we restrict to the case τ = 3,

this corresponds to set l5 = k = 0, and therefore we only have l4 = l3 = l2 = l1 = 0,

which implies that Q ≡ Qk,l1,a can only be ±1/2, corresponding to a = 1, 3 or a = 2, 4,

respectively.

Now, we carry out the integration between states within the same representation 4∗.

This is related to the Pauli term connecting λ−
k=0 with λ−

k=0. The only case with a non-

vanishing integral corresponds to the coupling with a fermionic state with the same twist 3,

which leads to
∫

dΩ5(Θ
−
(0,0,0,0,0)a=1

)†ταv
αΘ−

(0,0,0,0,0)a=1
= −1

3
. (4.18)

This coupling is very important because when we calculate the associated matrix element,

this contribution must be added to the standard minimal coupling contribution, and as

we shall see, this has a very important effect on the structure functions. Then, in the

13Notice that k ≥ 0 labels the λ±

k dilatino modes, while l ≥ 1 in section 2.1 denotes the Bl
a modes which

in the massless case corresponds to l = 1 (see also footnote 9).
14Details of the construction of spinor spherical harmonics and higher twist operators will be reported

in [48].
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calculation of the hadronic tensor (equation (3.7)) the matrix element is multiplied by its

conjugate and for this reason, in addition to the contributions found in the reference [3],

there will be a mixed contribution, involving a minimal coupling vertex on one side and

a Pauli interaction vertex on the other side of the forward Compton scattering diagram,

which in fact modifies the structure functions. In section 5 we discuss explicitly the effects

of each term for τ = 3.

On the other hand, the coupling between λ− states in the 4∗ representation with λ+

states in the 4 representation is controlled by the following integrals which come from the

third term in the effective action (2.54)

∫

dΩ5(Θ
+
(1,0,0,0,0)a=1

)†ταv
αΘ−

(0,0,0,0,0)a=1
= − 1

3
√
5
, (4.19)

∫

dΩ5(Θ
+
(1,1,0,0,0)a=1

)†ταv
αΘ−

(0,0,0,0,0)a=1
=

1√
30

, (4.20)

∫

dΩ5(Θ
+
(1,1,1,0,0)a=3

)†ταv
αΘ−

(0,0,0,0,0)a=1
=

1

3
√
2
, (4.21)

∫

dΩ5(Θ
+
(1,1,1,1,0)a=3

)†ταv
αΘ−

(0,0,0,0,0)a=1
= −1

3
, (4.22)

where the sub-index a = 3 represents a state associated with the O(13)
k=1 operator. This

corresponds to l1 = 0. In this case the corresponding fermionic states have both the same

Q, namely: Q1 = Q3 =
1
2 . These are the only non-vanishing integrals.

In figure 2 we detail the Feynman diagrams corresponding to the matrix elements of

the electromagnetic current inside the hadron in terms of their dual type IIB supergravity

fields representation. These diagrams are the building blocks to construct the corresponding

forward Compton scattering Feynman diagrams which allow to derive the hadronic tensor.

The first diagram, which connects the initial state with same final state, corresponds to

the minimal coupling. The other diagrams with dotted vertices correspond to the Pauli

interactions. The −(+) sign in the kets denote the representation 4* (4) of SU(4)R of the

dual SYM operators, respectively.

4.2 The minimal coupling contributions

Let us consider an incident hadron of (four-dimensional) mass Mi, whose holographic dual

representation is given by a Kaluza-Klein mode of mass15 mi from the spontaneous com-

pactification of type IIB supergravity on AdS5 × S5. Its wave-function has been obtained

in equation (4.10). We consider the limit M2
hadron ≪ q2, which is consistent within the

DIS context,16 and the solution is approximated at order M2
hadron/q

2. We need to keep an

additional order in comparison with the non-polarised case, thus the wave-function is given

in equation (4.13). The spinor λ−
i is coupled to another spinor λ̄−

X of Kaluza-Klein mass

15Recall that mi is the mass of the Kaluza-Klein mode coming from the dimensional reduction of the

dilatino field on S5. Here we consider m̃i ≡ −mi which is positive for the O
(6)
k operator with twist k + 3,

since mi = −k − 3/2 with k ≥ 0 in this case.
16Mhadron represents the mass of the incident Mi, intermediate MX and final hadron Mf , in the forward

Compton scattering.
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Figure 2. On the left we write the matrix elements of the electromagnetic current inside the

hadron. On the right we draw the corresponding holographic dual Feynman diagrams. The diagram

in the second line shows an example of the λ−

k and λ+
k+1 mixing.

mX representing an intermediate hadron of four-dimensional mass M2
X = −(P + q)2. Now,

since the mass MX is of the same order as q, we cannot use the same approximation as for

the incident hadron. Thus, we must use the complete solution (4.14). Next, we consider

the contribution to the five-dimensional action (2.54) from the minimal coupling split in

two integrals

I1 + I2 = i

∫

dz d4x λ̄−
k γ

aB1
aλ

−
k , (4.23)

where I1 and I2 correspond to the integrals of the λ̄−
k γ

µB1
µλ

−
k and λ̄−

k γ
zB1

zλ
−
k components,

respectively. The explicit calculations are given in appendix B.

Then, the matrix elements of 〈Jµ〉 are given by the following expressions

nµ〈Jµ〉= i

2π

(

MX

z0

)
1
2

× (4.24)

(c1qūσX /nP+uσi + c2qūσX /nP−uσi − c3 (in · q) ūσXP−uσi + c4 (in · q) ūσXP+uσi) ,

nν〈Jν∗〉=− i

2π

(

MX

z0

)
1
2

× (4.25)

(c1qūσi/nP+uσX + c2qūσi/nP−uσX − c3 (in · q) ūσiP+uσX + c4 (in · q) ūσiP−uσX ) ,

where the constants c1, c2, c3 and c4 are obtained from the integrals of the Bessel functions,

and they are defined in appendix B. For the minimal coupling derived from the spontaneous

compactification of type IIB supergravity on AdS5×S5 we find the following selection rule

in terms of the twist of the corresponding N = 4 SYM theory operators: τi = τX ≡ τ . This

rule straightforwardly derives from the corresponding angular integral on S5. It means that

there is no mixing between the initial and the intermediate hadrons, thus preserving the

nature of the incident hadron through the tree-level diagram, either thinking of DIS or

forward Compton scattering processes.
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Then, by summing over the intermediate states we obtain the hadronic tensor17

nµnνW
µν = nµnν 2π2

∑

X

δ(M2
X + (P + q)2)〈Jµ(0)〉〈J∗ν(0)〉

∼ z0
2πMX

nµnν〈Jµ(0)〉〈J∗ν(0)〉 , (4.26)

and from it we derive the contribution to all the structure functions corresponding to the

minimal coupling exclusively. We use the superscript m to denote minimal coupling,

Fm
1 =

Fm
2

2
=

Fm
3

2
= gm1 =

gm3
2

=
gm4
2

=
gm5
2

= c21q
2p · q

=
|a0|2
8

Γ2(τ)

(

Λ2

q2

)τ−1

xτ+1(1− x)τ−2 , (4.27)

gm2 =
q5

4x2
(c2c4 − c1c3) =

(

1

2

τ + 1

τ − 1
− xτ

τ − 1

) |a0|2
8

Γ2(τ)

(

Λ2

q2

)τ−1

xτ (1− x)τ−2 , (4.28)

having defined the constant a0 = 2πc′ic
′
X 2

τK. Since we have factorized out βm = Q
3 from

the minimal coupling term in equation (2.54), the minimal coupling contributions lead to

β2
mFm

i and β2
mgmi , which coincide with the results of [2], while for β2

mFm
1 and β2

mFm
2 we

also recover the result of [1]. Also, recall that for τ = 3 we have Q = 1
2 .

4.3 The Pauli term contributions

Now, we focus on the contributions from the Pauli interaction term. As mentioned, the

angular integrals on S5 lead to certain selection rules. For τ = 3 spin-1/2 fermionic

operators there are two possibilities in terms of the sign of the mass of each tower the

Kaluza-Klein modes on S5 [7]. The dual SYM theory operator of twist 3 and spin 1/2 is

O(6)
0 ∼tr(F+λN=4), with k = 0. The Kaluza-Klein mass of its dual supergravity field in

five dimensions is mi = −3/2 (recall that we set the S5 radius R = 1).

4.3.1 Incident state λ−
k and intermediate state λ−

k

Let us consider the situation where the incident and intermediate states have negative

Kaluza-Klein masses mi and mX , respectively, which again we express in terms of the m̃i ≡
−mi and m̃X ≡ −mX masses defined by the Dirac equation. Considering the limitM2 ≪ q2

we can approximate the solution to first order in M2/q2, obtaining equation (4.13). This

is coupled to a spinor of negative Kaluza-Klein mass mX (but positive m̃X = −mX ) and

17First, we use equations (4.24) and (4.25) in the first line of (4.26). In order to sum over the intermediate

states one can estimate the density of states considering the cut-off at z0, then the spacing of the zeros of

the Bessel function leads to the relation of the masses of the intermediate states MX = XπΛ, where the

intermediate states X are represented by integers (analogously to n in reference [1]). Since one considers

the planar limit, the structure functions are given by a sum of delta functions, but at large q their spacing

is very close, therefore we have

∑

n

δ(M2
X − s) ∼

(

∂M2
X

∂X

)−1

∼ (2πs1/2Λ)−1 ,

where s indicates the s-channel.
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the mass of the intermediate hadronic state is M2
X = −(P + q)2. Since the mass is of

the same order as q we cannot approximate it, thus we must use the complete solution of

equation (4.14).

Let us calculate the relevant contribution from the Pauli interaction term separated in

their µ and z components as follows

λ̄X [γ
µ, γν ]λi = ei(Pi−PX )·x c

′
ic

′
XM

1/2
X

zm̃i+1
0

zm̃i+9/2 (4.29)

ūσX

(

Jm̃X− 1
2
(MX z)[γ

µ, γν ]P−
Miz

2m̃i + 1
+ Jm̃X− 1

2
(MX z)[γ

µ, γν ]P+

)

uσi,

λ̄X [γ
z, γµ]λi = ei(Pi−PX )·x c

′
ic

′
XM

1/2
X

zm̃i+1
0

zm̃i+9/2 (4.30)

ūσX

(

Jm̃X− 1
2
(MX z)γ

µ(−2P+) + Jm̃X+ 1
2
(MX z)

Miz

2m̃i + 1
γµ(2P−)

)

uσi.

Now, the corresponding integrals in AdS5 which lead to the matrix elements of the

current are18

IP1 =
1

4

∫

d5x
√−g Fµν eµµ̂ eνν̂ λ̄−

X [γ
µ̂, γν̂ ]λ−

i , (4.31)

IP2 =
1

4

∫

d5x
√−g Fzµ ezẑ eµµ̂ λ̄−

X [γ
ẑ, γµ̂]λ−

i , (4.32)

where the superscript P here stands for the Pauli term. Thus, we have

IP1 =
1

4

∫

d5x z−3eiq·xqzK1(qz)i (qµnν − qνnµ) λ̄X [γ
µ, γν ]λi

=
c′ic

′
XM

1/2
X

4zm̃i+1
0

∫

d5xei(q+Pi−PX )·xiqK1(qz)× (4.33)

ūσX

(

zm̃i+
7
2Jm̃X− 1

2
(MX z)2[/q, /n]

Mi

2
(

m̃i +
1
2

)P− + zm̃i+
5
2Jm̃X+ 1

2
(MX z)2[/q, /n]P+

)

uσi ,

having used that

(qµnν − qνnµ) [γ
µ, γν ] = 2[/q, /n] . (4.34)

Next step is to rewrite the integrals in terms of the twist τi = m̃i+3/2, which leads to

IP1 =
i

2

(

MX

z0

)
1
2
(
∫

d4x ei(q+Pi−PX )·x

)

×
[

c′ic
′
X z

−τi+1
0

Mi

2(τi − 1)

(
∫

dzK1(qz)z
τi+2JτX−2(MX z)

)

qūσX [/q, /n]P−uσi

+c′ic
′
X z

−τi+1
0

(
∫

dzK1(qz)z
τi+1JτX−1(MX z)

)

qūσX [/q, /n]P+uσi

]

. (4.35)

If we consider the selection rule τi = τX it reduces to the case discussed by Gao and Mou [3].

18Notice that as in section 4.2 we have omitted the constant
b
−,−
1kk

12
, which implies that the contribution

to the structure functions from of this subsection must be multiplied by β2
P .
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For the integral IP2 we may proceed in a similar way

IP2 =
1

4

∫

d5x z−3 eiq·x
(

−nµq
2 + (n · q)qµ

)

zK0(qz)λ̄X [γ
z, γµ]λi (4.36)

=
1

2

(

MX

z0

)
1
2
(
∫

d4xei(q+Pi−PX )·x

)

×
[

c′ic
′
X z

−τi+1
0

(

−
∫

dzzτi+1JτX−2(MX z)K0(qz)

)

ūσXγ
µ
(

(n · q)qµ − nµq
2
)

P+uσi

+
c′ic

′
X z

−τi+1
0 Mi

2(τi − 1)

(
∫

dzzτi+2JτX−1(MX z)K0(qz)

)

ūσXγ
µ
(

(n · q)qµ − nµq
2
)

P−uσi

]

.

Again we consider the selection rule τi = τX = τ , and obtain the following matrix elements:

nµ〈Jµ〉 =
1

8π

(

MX

z0

)
1
2
(

ic1P qūσX [/q, /n]P−uσi + ic2P qūσX [/q, /n]P+uσi (4.37)

−2c4P ūσXγ
µ
(

(n · q)qµ − nµq
2
)

P+uσi + 2c3P ūσXγ
µ
(

(n · q)qµ − nµq
2
)

P−uσi
)

,

nµ〈Jµ∗〉 =
1

8π

(

MX

z0

)
1
2
(

−ic1P qūσi[/q, /n]P+uσX − ic2P qūσi[/q, /n]P−uσX (4.38)

−2c4P ūσiγ
µ
(

(n · q)qµ − nµq
2
)

P+uσX + 2c3P ūσiγ
µ
(

(n · q)qµ − nµq
2
)

P−uσX
)

,

where the constants are given by

c1P = c0
Mi

(τ − 1)

(
∫

dzK1(qz)z
τ+2Jτ−2(MX z)

)

= c02
τ+1 Mi

τ − 1
τΓ(τ)q−(τ+3)(1− x)

(τ−2)
2 x

τ+4
2 (x(τ + 1)− 2) , (4.39)

c2P = 2c0

(
∫

dzK1(qz)z
τ+1Jτ−1(MX z)

)

= c02
τ+1τΓ(τ)q−(τ+2)x

τ+3
2 (1− x)

τ−1
2 , (4.40)

c3P = c0
Mi

(τ − 1)

(
∫

dzzτ+2K0(qz)Jτ−1(MX z)

)

= c02
τ+1 Mi

(τ − 1)
Γ(τ)τq−(τ+3)x

τ+3
2 (1− x)

τ−1
2 (x(τ + 1)− 1) , (4.41)

c4P = 2c0

(
∫

dzzτ+1Jτ−2(MX z)K0(qz)

)

= c02
τ+1Γ(τ)q−(τ+2)x

τ+2
2 (1− x)

τ−2
2 (xτ − 1) ,

(4.42)

where c0 =
2πc′ic

′
X

zτ−1
0

K. In this case there is an additional factor 2 with respect to the results

of Gao and Mou [3] that we have checked in our calculations. Finally, we obtain the

corresponding contributions to the structure functions coming from the Pauli term with
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no mixing of initial and intermediate states (τi = τX = τ)

FP
1 =

FP
3

2
= gP1 =

gP5
2

=
q6

8x

(

c2P

(

1− x

x

)1/2

+ c4P

)2

=
1

2
|a0|2 Γ2(τ)

(

Λ2

q2

)τ−1

xτ+1(1− x)τ−2(1− τ)2 , (4.43)

FP
2 = gp4 =

1

4

q6

x

(

c22P + c24P
)

= |a0|2 Γ2(τ)

(

Λ2

q2

)τ−1

xτ+1(1− x)τ−2(1 + xτ(τ − 2)) ,

(4.44)

gP2 = − q6

16x2

(

c22P + c24P + 2(c2P c1P + c3P c4P )
q

M

(

1− x

x

)1/2

+(c1P c4P − c2P c3P )
q

M

2x− 1

x

)

(4.45)

= −1

4
|a0|2 Γ2(τ)

(

Λ2

q2

)τ−1

(1− x)τ−2xτ+1(τ(1− τ + x(3 + 2(τ − 2)τ))− 1)/(τ − 1),

gP3 =
q6

4x

(

c22P + c24P − (c2P c3P + c1P c4P )
q

x

)

= −|a0|2 Γ2(τ)

(

Λ2

q2

)τ−1

(1− x)τ−2xτ+1(1 + τ(1− 3x) + (2x− 1)τ2)/(τ − 1) . (4.46)

These functions have several differences compared with the corresponding results of Gao

and Mou due to the factor 2 described above.

4.3.2 Incident state λ−
k and intermediate state λ+

k±1

In this case the incident hadron is represented by the dilatino mode given in equation (4.13),

while the intermediate state corresponds to a Kaluza-Klein mode of positive mass given by

equation (4.16). As before we separate the µ and z contributions from the Pauli term

λ̄+
X [γ

µ, γν ]λ−
i = ei(Pi−PX )·x c

′
ic

′
XM

1/2
X

zm̃i+1
0

zm̃i+9/2 × (4.47)

ūσX

(

Jm̃X+ 1
2
(MX z)[γ

µ, γν ]P−
Miz

2m̃i + 1
+ Jm̃X− 1

2
(MX z)[γ

µ, γν ]P+

)

uσi,

λ̄+
X [γ

z, γµ]λ−
i = ei(Pi−PX )·x c

′
ic

′
XM

1/2
X

zm̃i+1
0

zm̃i+9/2 × (4.48)

ūσX

(

Jm̃X+ 1
2
(MX z)(−2γµ)P+ + Jm̃X− 1

2
(MX z)(2γ

µ)
Miz

2m̃i + 1
P−

)

uσi .
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The integrals are obtained in a similar way as in the previous subsection, but with different

relative factors given by different combinations of the Bessel functions,19

I±1 =
i

2

(

MX

z0

)
1
2
(
∫

d4x ei(q+Pi−PX )·x

)

×
[

c′ic
′
X z

−τi+1
0

Mi

2(τi − 1)

(
∫

dzK1(qz)z
τi+2JτX−1(MX z)

)

qūσX [/q, /n]P−uσi

+c′ic
′
X z

−τi+1
0

(
∫

dzK1(qz)z
τi+1JτX−2(MX z)

)

qūσX [/q, /n]P+uσi

]

, (4.49)

I±2 =
1

2

(

MX

z0

)
1
2
(
∫

d4x ei(q+Pi−PX )·x

)

×
[

c′ic
′
X z

−τi+1
0

(

−
∫

dzzτi+1JτX−1(MX z)K0(qz)

)

ūσX
(

(n · q)qµ − nµq
2
)

P+uσi

+ c′ic
′
X z

−τi+1
0

(
∫

dzzτi+2JτX−2(MX z)K0(qz)

)

×

Mi

2(τi − 1)
ūσX

(

(n · q)qµ − nµq
2
)

P−uσi

]

, (4.50)

where the superscript ± labels the integrals for the present case where the sign of the

Kaluza-Klein masses of the initial and the intermediate states are distinct. Then, we

calculate the matrix elements of the current

nµ〈Jµ〉 =
1

8π

(

MX

z0

)
1
2
(

ic±1 qūσX [/q, /n]P−uσi + ic±2 qūσX [/q, /n]P+uσi (4.51)

−2c±4 ūσXγ
µ
(

(n · q)qµ − nµq
2
)

P+uσi + 2c±3 ūσXγ
µ
(

(n · q)qµ − nµq
2
)

P−uσi
)

,

nµ〈Jµ∗〉 =
1

8π

(

MX

z0

)
1
2
(

−ic±1 qūσi[/q, /n]P−uσX − ic±2 qūσi[/q, /n]P+uσX (4.52)

−2c±4 ūσiγ
µ
(

(n · q)qµ − nµq
2
)

P+uσX + 2c±3 ūσiγ
µ
(

(n · q)qµ − nµq
2
)

P−uσX
)

.

Now, we apply the selection rules we found, namely: kX = ki ± 1. With this we obtain the

following set of constants:

c+1 = c0
Mi

τ − 1

∫

dzK1(qz)z
τ+2Jτ+2(MX z)

= c0Mi
τ + 1

τ − 1
2τ+1Γ(τ + 1)q−(τ+3)x

τ+2
2 (1− x)

τ+2
2 , (4.53)

c−1 = c0
Mi

τ − 1

∫

dzK1(qz)z
τ+2Jτ−2(MX z)

= c02
τ+1Γ(τ + 1)

Mi

τ − 1
q−(τ+3)(1− x)

τ−2
2 x

τ+4
2 (x(τ + 1)− 2) , (4.54)

c+2 = 2c0

∫

dzzτ+1K1(qz)Jτ+1(MX z) = c02
τ+1Γ(τ + 1)q−(τ+2)x

τ+1
2 (1− x)

τ+1
2 , (4.55)

19As in section 4.3.1 we have omitted the constant
b
+,−
1jk

12
, which implies that the contribution to the

structure functions from this subsection must be multiplied by β2
+ for j = k + 1 and by β2

− for j = k − 1.
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c−2 = 2c0

∫

dzzτ+1K1(qz)Jτ−3(MX z)

= c02
τ+1Γ(τ)q−(τ+2)x

τ+3
2 (1− x)

τ−3
2 (xτ − 2) , (4.56)

c+3 = c0
Mi

τ − 1

∫

dzzτ+2Jτ+1(MX z)K0(qz)

= c0
Mi

τ − 1
2τ+1q−(τ+3)Γ(τ + 2)x

τ+3
2 (1− x)

τ+1
2 , (4.57)

c−3 = c0
Mi

τ − 1

∫

dzzτ+2Jτ−3(MX z)K0(qz)

= c0
Mi

τ − 1
2τ+1Γ(τ)q−(τ+3)x

τ+3
2 (1− x)

τ+3
2 (2 + xτ(−4 + x(τ + 1)) , (4.58)

c+4 = 2c0

∫

dzzτ+1Jτ+2(MX z)K0(qz)

= c02
τ+2Γ(τ + 2)q−(τ+2)x−

(τ+2)
2 (1− x)

τ+2
2 2F1

(

τ + 2, τ + 2, τ + 3,
x− 1

x

)

, (4.59)

c−4 = 2c0

∫

dzzτ+1Jτ−2(MX z)K0(qz) = c02
τ+1Γ(τ)x

τ+2
2 (1− x)

τ−2
2 (xτ − 1) , (4.60)

where τi = τ .

Then, for the process λ−
k + B1

µ → λ+
k+1 we obtain the following contributions to the

structure functions. The superscript P+ indicates that the intermediate state is λ+
kX

, so

that kX = ki + 1.

FP+
1 =

FP+
3

2
= gP+

1 =
gP+
5

2
=

q6

8x

(

c+2

(

1− x

x

)1/2

− c+4

)2

=
1

2
|a0|2

(

Λ2

q2

)τ−1

x−τ−3(1− x)τ+2Γ(1 + τ)2 ×
[

xτ+1 − (1 + τ) 2F1

(

τ + 2, τ + 2, τ + 3,
x− 1

x

)]2

, (4.61)

FP+
2 = gP+

4 =
q4

16x

(

(c+2 )
2 + (c+4 )

2
)

= |a0|2
(

Λ2

q2

)τ−1

x−τ (1− x)τ+1Γ(1 + τ)2 ×
[

x2τ +
1− x

x3
(1 + τ)2 2F1

(

τ + 2, τ + 2, τ + 3,
x− 1

x

)2
]

, (4.62)

gP+
2 = − q6

16x2
×

(

(c+2 )
2 + (c+4 )

2 − 2(c+2 c
+
1 + c+3 c

+
4 )

q

M

(

1− x

x

)1/2

+ (c+1 c
+
4 − c+2 c

+
3 )

q

M

2x− 1

x

)

= −1

4
|a0|2

(

Λ2

q2

)τ−1

(1− x)τxτΓ(1 + τ)2 ×
[

2
1− x

1− τ
+ (1− x)−2τ (1 + τ)2(2 + τ)B

(

x− 1

x
, τ + 2,−(τ + 1)

)

(

(x− 1)τ

1− τ
+

x(τ + 2)B
(

x−1
x , τ + 2,−(τ + 1)

)

(1− x)2

)]

, (4.63)
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gP+
3 =

q6

4x

(

(c+2 )
2 + (c+4 )

2 − (c+2 c
+
3 + c+1 c

+
4 )

q

x

)

= |a0|2
(

Λ2

q2

)τ−1
1

τ − 1
8(1− x)τ+1x−τ−3Γ(1 + τ)2 ×

[

2x2τ+3 + (1 + τ)2(x− 1) 2F1

(

τ + 2, τ + 2, τ + 3,
x− 1

x

)

(

−xτ+1 + (τ − 1) 2F1

(

τ + 2, τ + 2, τ + 3,
x− 1

x

))]

, (4.64)

where 2F1 is the hypergeometric function and B(x, a, b) is the incomplete Beta function.

Analogously, for the process λ−
k +B1

µ → λ+
k−1 we obtain the following contributions to

the structure functions. The superscript P− indicates that the intermediate state is λ+
kX

,

now being kX = ki − 1.

FP−
1 =

FP−
3

2
= gP−

1 =
gP−
5

2
=

q6

8x

(

c−2

(

1− x

x

)1/2

− c−4

)2

=
1

2
|a0|2

(

Λ2

q2

)τ−1

(1− x)τ−2xτ+1Γ(τ)2 , (4.65)

FP−
2 = gP−

4 =
q4

16x

(

(c−2 )
2 + (c−4 )

2
)

= |a0|2
(

Λ2

q2

)τ−1

(1− x)τ−3xτ+1Γ(τ)2(1 + x(3 + τ(−2 + x(τ − 2)))) , (4.66)

gP−
2 =

−q6

16x2

(

(c−2 )
2 + (c−4 )

2 − (c−2 c
−
1 + c−3 c

−
4 )

2q

M

(

1− x

x

)1/2

+ (c−1 c
−
4 − c−2 c

−
3 )

q

M

2x− 1

x

)

=−1

4
|a0|2

(

Λ2

q2

)τ−1
Γ(τ)2

τ − 1
xτ+1(1− x)τ−3

[

−τ − 1 + x
(

x5(τ + 1)τ(τ − 2) + (1 + τ)2

−x4(τ − 2)τ(7 + 3τ) + 6x2(2 + (3− 2τ)τ)

−x(12 + (τ − 5)τ) + x3(τ − 3)(2 + 3τ(5 + τ))
)]

, (4.67)

gP−
3 =

q6

4x

(

(c−2 )
2 + (c−4 )

2 − (c−2 c
−
3 + c−1 c

−
4 )

q

x

)

= |a0|2
(

Λ2

q2

)τ−1
Γ(τ)2

τ − 1
xτ+1(1− x)τ−3 ×

(3− τ + x (−15− 4(x− 3)x− 2τ + x(33− 2x(18 + (x− 8)x))τ

+(1 + x(−1 + (x− 6)x(3 + x(x− 3))))τ2 + x3(3 + x(x− 3)τ3)
))

. (4.68)

We should notice that all these contributions FP−
i ’s and gP−

i ’s are not present when τ = 3

since in that case the label k of the incident state is zero, therefore the intermediate state

can only have j = k + 1. This overcomes the fact that FP−
2 , gP−

2 and gP−
3 behave like

(1− x)τ−3.

4.4 The mixed contribution from minimal coupling and Pauli vertices

In addition to the set of contributions we have already calculated, there is a mixed contri-

bution corresponding to a Feynman diagram for the forward Compton scattering in which
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there is a minimal coupling vertex and a Pauli vertex. This leads to matrix elements of

the hadronic tensor of the form

nµnνW
cµν = nµnν 2π2

∑

X

δ(M2
X + (P + q)2)(〈Jµ

m(0)〉〈J∗ν
P (0)〉+ 〈Jµ

P (0)〉〈J∗ν
m (0)〉) , (4.69)

where the matrix elements of the currents correspond to contributions from minimal cou-

pling or Pauli interaction term. The superscript c indicates crossed-term contributions.

The structure functions from crossed terms are:

F c
1 =

F c
3

2
= gc1 =

gc5
2

=
q5

2x2
c1m

(

c2P

(

1− x

x

)1/2

+ c4P

)

=
1

2
|a0|2

(

Λ2

q2

)τ−1

(1− x)τ−2xτ+1(τ − 1)Γ(τ)2 , (4.70)

F c
2 = gc4 = 2

q5

x
c1mc4P

= |a0|2
(

Λ2

q2

)τ−1

(1− x)τ−2xτ+1(−1 + xτ)Γ(τ)2 , (4.71)

gc2 = −1

4

(

q

(

1− x

x

)1/2

(c2P c3m + c3P c1m − c1P c4m − c4P c2m) + (c1mc4P − c2P c4m)

+q(c4mc3P + c4P c3m + c1P c1m + c2P c2m))

= −1

4
|a0|2

(

Λ2

q2

)τ−1
Γ(τ)2

τ − 1
(1− x)τ−2xτ+2(2− τ2 + xτ(4τ − 5)) , (4.72)

gc3 = 2
q5

x

(

c1mc4P + (c1mc1P − c2mc2P )
q

2x

)

=
1

2

Γ(τ)2

τ − 1
|a0|2

(

Λ2

q2

)τ−1

(1− x)τ−2xτ+1
(

2− (4 + x)τ + (−1 + 4x)τ4
)

. (4.73)

5 Results of the structure functions from the τ = 3 spin-1/2 fermionic

operator

In the previous section we have obtained the contributions coming form each Feynman

diagram to the structure functions related to spin-1/2 fermionic operators. The complete

expression for each structure function can be written as the sum of those contributions with

relative constants multiplying each diagram. The referred constants are given in terms of

certain angular integrals that we explicitly calculate for τ = 3. Thus, the general form of

the structure functions is

Fi = β2
mFm

i + β2
PF

P
i + βmβPF

c
i + β2

+F
P+
i + β2

−F
P−
i , (5.1)

and there is a similar expression for the gi structure functions. The β constants in equa-

tion (5.1) are straightfordwarly related to the b1kj angular integrals, being their explict

relations given in appendix A. βm is the constant related to the minimal coupling, being

βm = Q
3 . Then, βP is the constant associated with Pauli interaction diagrams with the se-

lection rule τi = τX , i.e. with no mixing of states between the incident and the intermediate
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hadrons. In addition, in terms of the optical theorem there is also an s-channel Feynman

diagram containing both the minimal coupling vertex and the Pauli interaction vertex.

This is associated with the third contribution F c
i that we call crossed-terms contribution.

The relative constant associated with this contribution is given by the product of βm and

βP . In addition, β+ and β− correspond to relative constants of Feynman diagrams with

Pauli interactions with incoming states dual to the operator O(6)
k but intermediate states

dual to O(13)
k′ with k′ = k+1 and k′ = k− 1, respectively. These contributions that couple

fermionic modes of the two different Kaluza-Klein towers of the type IIB supergravity com-

pactified on S5 have not been studied in previous papers on DIS. The detailed calculation

for general twist operators needs the construction of general spinor spherical harmonics

on S5. Since in this work we focus on the case of τ = 3, we leave the general case to be

discussed in a forthcoming work [48]. However, by adding all the mentioned contributions

to each structure function one obtains the following relations which hold for any twist:

F1 =
F3

2
= g1 =

g5
2
, (5.2)

F2 = g4 . (5.3)

This is an important general twist result of the present work which is valid in the regime

λ
−1/2
SYM ≪ x < 1. Also, it is interesting to emphasize that the structure functions F1 and

F2 above, which include all possible contributions discussed in this work do not satisfy the

same relation as in the case considered by Polchinski and Strassler (F2 = 2F1), where they

have only included the minimal coupling. This is a consistent result, since from hadron

phenomenology it is expected a non-vanishing longitudinal structure function. Also, there

are differences with respect to [2] and [3]. In [2] they only included the minimal coupling

interaction, while in [3] only the Pauli term was considered. As already commented, we

have done a fully consistent derivation from type IIB supergravity, thus the relations (5.2)

and (5.3) should be regarded as the complete set of Callan-Gross type of relations for all

spin-1/2 hadrons related to the O(6)
k operators of the planar limit of the strongly coupled

N = 4 SYM theory within λ
−1/2
SYM ≪ x < 1.

Let us now discuss more explicitly the case with τ = 3, which leads to the most

important contribution to the Operator Product Expansion (OPE) of two electromagnetic

currents inside the hadron at strong ’t Hooft coupling and large N (1 ≪ λSYM ≪ N)

in the DIS limit, since this is the lowest twist operator in that parametric regime. The

corresponding SYM theory operator is O(6)
k=0 which has the minimal conformal dimension

∆ = 7
2 . The dual supergravity field mode has the quantum numbers of its spinor spherical

harmonic (l5, l4, l3, l2, l1) = (0, 0, 0, 0, 0). In particular, the identification k = l5 = 0 implies

that τ = 3, while l1 = 0 leads to Q = 1
2 , being Q defined in equation (2.50).

For τ = 3 the constants in equation (5.1) can be explicitly calculated, obtaining

βm = 1/6 , βP = −5/36 , (β+)
2 = 1/648 , (β−)

2 = 0 . (5.4)

Now, we can draw the corresponding structure functions for τ = 3. In each figure we

describe the different contributions to the structure functions from each term.
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0.2 0.4 0.6 0.8 1.0
Bjorken-x

-0.005

0.005

0.010
F1

βm
2 F1

m

βP
2F1

P

βmβPF1
c

β+
2F1

P+

Figure 3. The full structure function F1 (blue line) as a function of the Bjorken parameter x,

obtained from the contribution of the twist-3 spin-1/2 fermionic operator O(6)
k=0. We distinguish

the contributions from the minimal coupling β2
mFm

1 (orange line); the Pauli interaction β2
PF

P
1 ,

where the intermediate state λX ≡ λ−

k=0 is the same as the incident state λi ≡ λ−

k=0 (green

line); the contribution from crossed terms βmβPF
c
1 (red line); and the contribution from the Pauli

interaction β2
+F

P+
1 , where the intermediate state λX ≡ λ+

k+1 is different from the incident state

λX ≡ λ−

k according to the selection rules that we found (violet line). We have set |a0|2(Λ2/q2)2 = 1,

where |a0| is the only free constant for all the structure functions.

0.2 0.4 0.6 0.8 1.0
Bjorken-x

-0.010

-0.005

0.005

0.010

0.015

0.020

F2

βm
2 F2

m

βP
2F2

P

βmβPF2
c

β+
2F2

P+

Figure 4. The full structure function F2 (blue line) as a function of the Bjorken parameter x,

obtained from the contribution of the twist-3 spin-1/2 fermionic operator O(6)
k=0. The meaning of

the curves is analogous as describe in figure 3.

In this case the diagram connecting an initial state with ki = l5 with an intermediate

state with kX = l5 − 1 is not present since l5 = 0. We have found a very interesting

result, namely: for all the structure functions the contributions from the minimal coupling

(orange curves) are very small in comparison with the rest of contributions. Also, in table

1 we can appreciate the numerical value of the maximum (or minimun value whenever it

corresponds) of each curve, which shows that the minimal coupling contribution is very

small in comparison with the rest of contributions. Indeed, within the Bjorken parameter

range 0.4 ≤ x ≤ 1 the dominant contribution comes from the Pauli term (green curves),

followed by the crossed-terms contributions (red curves) which appear with opposite sign
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Figure 5. The full structure function g2 (blue line) as a function of the Bjorken parameter x,

obtained from the contribution of the twist-3 spin-1/2 fermionic operator O(6)
k=0. The meaning of

the curves is analogous as describe in figure 3.

0.2 0.4 0.6 0.8 1.0
Bjorken-x

-0.010

-0.005

g3

βm
2 g3

m

βP
2g3

P

βmβPg3
c

β+
2g3

P+

Figure 6. The full structure function g3 (blue line) as a function of the Bjorken parameter x,

obtained from the contribution of the twist-3 spin-1/2 fermionic operator O(6)
k=0. The meaning of

the curves is analogous as describe in figure 3.

(except for g3). Surprisingly, the minimal coupling contributions are really much less

significant in comparison with the previously mentioned contributions as well as the total

contribution (blue curves). By virtue of the relations (5.2) and (5.3), this holds for all

structure functions. This implies that the theoretical calculation from first principles of

all contributions to the forward Compton scattering as well as the relative constants β’s

that we have performed in the present work are very important in order to give the precise

contribution of each term.

Thus, we observe that the dominant contribution for F1, F2 and g2 comes from the

Feynman diagram of figure 2 with the Pauli vertex (the dotted vertex in the first line),

being the outgoing state identical to the incoming one. However, the crossed term in the

forward Compton scattering Feynman diagram produces a certain suppression. On the

other hand, in the case of g3 the crossed term gives a contribution which enhances the

contribution from the Pauli term. This behaviour is different in comparison with the other

structure functions.
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F1 terms M.V. F2 terms M.V. g2 terms M.V. g3 terms M.V.

Fm
1 0.0011 Fm

2 0.0022 gm2 -0.0003 gm3 0.0025

FP
1 0.0126 FP

2 0.02173 gP2 -0.0120 gP3 -0.0081

F c
1 -0.0075 F c

2 -0.0112 gc2 0.0098 gc3 -0.0078

FP+
1 0.0018 FP+

2 0.0083 gP+
2 -0.0014 gP+

3 0.0025

Table 1. Maximum values (M.V.) (or minimum values wherever there is a negative sign) of the

curves depited in figures 3, 4, 5 and 6. We have set |a0| = 1.

The contribution of the Feynman diagrams which couple to the other tower of Kaluza-

Klein modes with positive five-dimensional masses becomes significant for smaller values

of the Bjorken parameter, having a pick around x = 0.35. For larger values of x its

contribution becomes much smaller than the Pauli one.

6 Discussion and conclusions

In this work we have investigated the polarised deep inelastic scattering of charged leptons

off spin-1/2 hadrons in the N = 4 SYM theory deformed by the introduction of the IR scale

Λ. Using the gauge/gravity duality we have calculated the structure functions in the large

N limit, and at strong coupling, focusing on the contribution of the leading twist operator.

The analysis has been carried out in the Bjorken parameter range λ
−1/2
SYM ≪ x < 1, where

we can use the type IIB supergravity description. It is important to emphasize that our

results are derived from first principles (top-down approach) and it implies considering

the complete supergravity interactions at the leading order in the 1
N expansion (tree-level

Witten diagrams), which ultimately can be obtained from the type IIB superstring theory

in AdS5 × S5 in the α′ → 0 limit. These results contrast with the previously calculated

ones, which were obtained using either only the minimal coupling interaction (within a

top-down approach) [1] or including the Pauli interaction in the framework of bottom-up

models [2, 3].

In order to perform the analysis by considering the complete set of interactions, we

need to obtain the interaction vertices from the ten-dimensional type IIB supergravity ac-

tion. However, since the five-form field strength obeys a self-duality constraint in type IIB

supergravity, there is no simple covariant action and the constraint needs to be imposed

after deriving the equations of motion. For this reason, we have focused on the covariant

equations of motion and expanded the ten-dimensional fields in their Kaluza-Klein modes.

Thus, we have derived the field equations up to second order in the corresponding fluctua-

tions. Finally, we have constructed the five-dimensional effective action up to cubic order

in the fields with dilatino modes and the massless gauge field. The interaction terms are the

minimal coupling term and the Pauli term, with relative constants between both interac-

tions which depend on the angular integrals of spinor spherical harmonics. The derivation

we have done for the interaction terms of the spin-1/2 fermionic field modes with a massless

gauge field has not been carried out previously. Thus, it opens several potential interesting
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directions to further explore. For instance, it would be very interesting to use this action

to obtain the three-point functions on N = 4 SYM theory involving fermionic operators.

Also, using an analogous approach as considered in this work it would be interesting to

unveil the effects of the new terms of the effective action on Drell-Yang processes, form

factors and other observables.

At this point we should emphasize the importance of having developed a first-principle

derivation of the effective five-dimensional supergravity action directly from type IIB su-

pergravity. First, it allows us to find all the consistent interactions involving two dilatini

with a massless vector field mode. Then, by constructing the corresponding spinor spher-

ical harmonics followed by solving the corresponding angular integrals on S5, we discover

new selection rules between incident and intermediate fermionic states. Moreover, these

integrals give the precise values of all the relative constants in front of each contribution,

allowing us to calculate the complete set of structure functions from the analysis of the

dual twist-3 spin-1/2 operator. The selection rules have been obtained from the evaluation

of the spinor spherical harmonics integrals and we have found, that in adittion to the min-

imal coupling term and the Pauli term studied in [1, 3], there is a new interaction between

states in different irreducible representations of SU(4) (the other Kaluza-Klein tower with

λ+
k+1 modes) and different twist. Let us emphasize that these vertices are new. For F1

and F2, these interactions are responsible for the bell-shaped curves with a maximum at

x ∼ 0.35. Notice that their maximum values occur at smaller values of x in comparison

with the others contributions.

We have obtained the independent structure function F1, g2, g3 and F2, while the

rest are related to them through the relations (5.2) and (5.3). The relation F2 = 2F1

obtained in [1] does not hold due to the contributions from the Pauli terms. The relative

constants β’s show that the minimal coupling contributions are very small compared with

the Pauli interaction (less than 10%). We do not have a physical interpretation of this

effect. We regard it as a prediction from the direct calculation in the top-down holographic

model derived from type IIB supergravity. A somehow analogous effect has been found in

reference [3] where in a bottom-up approach they set the relative constant Cn in front of

the “neutron” structure functions (those that they associate exclusively to the Pauli term

in their dual gravity description) to be 400 times the corresponding constant Cp related

to the “proton” (associated with the minimal coupling exclusively, always within their

particular setup). They do not give a physical interpretation for this effect. In addition,

in reference [5] for small values of the Bjorken parameter it was found that the Pauli term

appears contributing to the t-channel, in that case for the calculation of the anti-symmetric

function g1. The Pauli term and a Chern-Simmons term appear simultaneously, and both

are derived from the four-point closed string scattering amplitude in type IIB superstring

theory, which involves two dilatini and two gravi-photons. In that case (recall that this is

for a completely different Bjorken parametric regime, namely: x ≪ λ
−1/2
SYM) the role of the

Pauli term is also essential.

For x values in the range 0.4 < x < 1 the dominant contribution corresponds to

the Pauli term with the same final state. However, the crossed term, which leads to

contributions with a different sign, attenuate the final result. On the other hand, within
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the parametric range 0.2 < x < 0.4 the dominant contribution comes from the Pauli

interaction connecting different states λ−
k and λ+

k+1. This is also a novel effect.
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A Angular integrals

We show how to simplify the integral b1kj using properties of the spinor spherical harmonics.

The spinor spherical harmonics satisfy the Dirac equation being charge eigenstates with

angular momentum associated to the angle θ1,

τα∇αΘ
±
k = ∓i

(

k +
5

2

)

Θ±
k , (A.1)

(

vαDα − 1

4
τατγ∇γvα

)

Θ±
k = −iQΘ±

k . (A.2)

The spinor spherical harmonics with positive eigenvalues in equation (A.1) correspond to

the representations 4∗, 20∗, 60∗, · · · , while those with negative eigenvalues belong to the

conjugate representations 4, 20, 60, · · · . In the DIS process we consider the holographic

dual incident hadron represented by a dilatino field mode containing a spinor spherical

harmonic of the type Θ−
k . Recall that when k = 0 the dual N = 4 SYM theory operator

has twist τ = 3.

The second term in equation (2.53) can be written in terms of the first integral, thus

b1kj can be expressed by a single angular integral:
∫

dΩ5(Θ
±
j )

†
(

iτατβ∇αvβ

)

Θ−
k = −i

∫

dΩ5

(

Dα(Θ
±
j )

†τατβvβΘ
−
k + (Θ±

j )
†τατβvβDαΘ

−
k

)

= −i

∫

dΩ5

(

Dα(Θ
±
j )

†τατβvβΘ
−
k + (Θ±

j )
†2ηαβvβDαΘ

−
k

− (Θ±
j )

†τβvβτ
αDαΘ

−
k

)

=

(

±
(

j +
5

2

)

−
(

k +
5

2

))
∫

dΩ5(Θ
±
j )

†τβvβΘ
−
k

−2Q
∫

dΩ5(Θ
±
j )

†Θ−
k

−2i

∫

dΩ5(Θ
±
j )

†

(

1

4
τβτα∇αvβ

)

Θ−
k . (A.3)

In order to simplify the integral we use equations (A.1) and (A.2), obtaining
∫

dΩ5(Θ
±
j )

†
(

iτατβ∇αvβ

)

Θ−
k =

(

±j − k ± 5

2
− 5

2

)

2

∫

dΩ5(Θ
±
j )

†τβvβΘ
−
k

−4Q
∫

dΩ5(Θ
±
j )

†Θ−
k . (A.4)
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Then, the constant b1kj can written in terms of a single angular integral

b±,−
1kj =

(

1 + 2

(

k ∓ j +
5

2
∓ 5

2

))
∫

dΩ5(Θ
±
j )

†ταv
αΘk + 4Q δ∓,−

jk . (A.5)

The second term is present if the intermediate state is the same as the incident one. The

constants associated with operators in the same representation are

b−,−
1kj = (1 + 2(k + j + 5))

∫

dΩ5(Θ
−
j )

†ταv
αΘ−

k + 4Q δjk . (A.6)

For the interactions with supergravity field modes belonging to the 4, 20, 60, . . . repre-

sentations the term proportional to the Kronecker delta is not present and we obtain

b−,+
1kj = (1 + 2(k − j))

∫

dΩ5(Θ
+
j )

†ταv
αΘ−

k . (A.7)

In section 5 we consider the minimal τ = 3 which corresponds to k = 0 for the incident

fermion. We define the following coupling constants in order to draw the structure functions

in figures 3, 4, 5 and 6,

βP =
b−,−
1 0 0

12
=

11
∫

dΩ5(Θ
−
0 )

†ταv
αΘ−

0 + 2

12
, (A.8)

(β+
P )

2 =
∑

I5

(

b−,+
1 0 1

12

)2

=
∑

I5

(

−
∫

dΩ5(Θ
+
1 )

†ταv
αΘ−

0

12

)2

, (A.9)

where the sum over I5 indicates the sum over the angular integrals given in equa-

tions (4.19), (4.20), (4.21) and (4.22).

B Details of the calculation of the minimal coupling contributions

In order to calculate the relevant contributions from the minimal coupling term we explicitly

write down the µ and z components of the five-dimensional dilatino currents

λ̄−
Xγ

µλ−
i = (B.1)

ei(Pi−PX )·x c
′
ic

′
XM

1/2
χ

zm̃i+1
0

zm̃i+9/2ūσX

(

Jm̃X− 1
2
(MX z)γ

µP+ + Jm̃X− 1
2
(MX z)γ

µP−
Miz

2m̃i + 1

)

uσi ,

λ̄−
Xγ

zλ−
i = (B.2)

ei(Pi−PX )·x c
′
ic

′
XM

1/2
χ

zm̃i+1
0

zm̃i+9/2ūσX

(

Jm̃X− 1
2
(MX z)

Miz

2m̃i + 1
(−P−) + Jm̃X+ 1

2
(MX z)P+

)

uσi .

Next, we solve the I1 and I2 integrals, and introduce the twist defined as τi = m̃i + 3/2.

Then, we obtain the following matrix elements:

I1 = i
1

2π

(

MX

z0

)
1
2
(
∫

d4xei(q+Pi−PX )·x

)

×
(

2πc′ic
′
X z

−τi+1
0

(
∫

dzK1(qz)z
τiJτX−2(MX z)

)

qūσX /nP+uσi

+2πc′ic
′
X z

−τi+1
0

(
∫

dzK1(qz)z
τi+1JτX−1(MX z)

)

Mi

2(τi − 1)
qūσX /nP−uσi

)

. (B.3)
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Similarly for the other integral

I2 = i
1

2π

(

MX

z0

)
1
2
(
∫

d4xei(q+Pi−PX )·x

)

×
(

2πc′ic
′
X z

−τi+1
0

(

−
∫

dzzτi+1JτX−2(MX z)K0(qz)

)

(in · q) Mi

2(τi − 1)
ūσXP−uσi

+ πc′ic
′
X z

−τi+1
0

(
∫

dzzτiK0(qz)JτX−1(MX z)

)

(in · q) ūσXP+uσi

)

. (B.4)

The constants cn with n = 1, . . . 4 are defined from certain Bessel function integrals in

terms of x, q and Mi

c1 = c0

∫

dzK1(qz)z
τiJτX−2(MX z) = c02

τ−1Γ(τ)q−(τ+1)x
τ+2
2 (1− x)

τ−2
2 , (B.5)

c2 = c0
Mi

2(τi − 1)

∫

dzK1(qz)z
τi+1JτX−1(MX z)

= c02
τ−1Mi

τΓ(τ)

τ − 1
q−(τ+2)x

τ+3
2 (1− x)

τ−1
2 , (B.6)

c3 = c0
Mi

2(τi − 1)

∫

dzzτi+1JτX−2(MX z)K0(qz)

= c02
τ−1Mi

Γ(τ)

τ − 1
q−(τ+2)x

τ+2
2 (1− x)

τ−2
2 (xτ − 1) , (B.7)

c4 = c0

∫

dzzτiK0(qz)JτX−1(MX z) = c02
τ−1Γ(τ)q−(τ+1)x

τ+1
2 (1− x)

τ−1
2 . (B.8)
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