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ABSTRACT: We study deep inelastic scattering (DIS) of charged leptons from polarised spin-
1/2 hadrons in terms of the gauge/gravity duality. We calculate the structure functions
related to spin-1/2 fermionic operators of N/ = 4 SYM theory in the planar limit and at
strong coupling. Specifically, we focus on the twist-3 operator which is dual to a certain
dilatino mode and gives the leading contribution to the hadronic tensor. We consider the
Bjorken variable within the parametric range A;;ﬁ < x < 1 where the supergravity dual
description holds. From dimensional reduction of type IIB supergravity on the five-sphere,
we derive the interaction terms involving two dilatini and a massless vector field mode.
This vector field is a linear combination of certain components of the graviton and the
four-form potential. The angular integrals on the five-sphere lead to selection rules for the
interactions with important consequences on the dynamics. This implies the existence of
new terms contributing to the structure functions that we explicitly calculate. The leading
contribution comes from the Pauli term, followed by the contributions from the new terms

we found.
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1 Introduction

In this work we calculate the hadronic tensor related to certain spin-1/2 fermionic operators
of the strongly coupled N = 4 supersymmetric Yang-Mills (SYM) theory with gauge group
SU(N), in the large-N limit, considering the range )\;(ﬁ < x < 1, where x is the Bjorken
parameter, while the 't Hooft coupling is defined as Agym = g%MN . This is carried out
within the framework of the gauge/gravity duality, i.e. in terms of type IIB supergravity.
The physical process corresponds to the polarised deep inelastic scattering (DIS) of charged
leptons off spin-1/2 hadrons. We assume the hadron to be represented by a dilatino field
mode of type IIB supergravity on AdSs x S°. We focus on the leading contribution to the
hadronic tensor in the high energy limit (A? < ¢?) which in the above conditions is given
by the twist-3 fermionic operator (’),(520 defined below.



In a pioneering work Polchinski and Strassler [1] have used the gauge/gravity duality
to calculate the structure functions of glueballs as well as spin-1/2 fermions. In order
to induce confinement in the gauge field theory they introduce an IR cutoff in the AdS;
spacetime. They distinguish three different dynamical regimes in terms of the Bjorken
parameter: a) the case )\;,ﬁ < x < 1, where the dual description is given in terms of
type 1IB supergravity; b) the case when exp (—/\éeM) <Lz <K A;;ﬁ , for which flat-space
type IIB superstring theory scattering amplitudes are convoluted with the background
metric AdS; x S° within the so-called wultra-local approximation; and finally c) the regime
T ~ exp (—)\éeM) where that approximation breaks down and therefore the holographic
Pomeron techniques are useful to calculate the structure functions. Specifically, in [1]
glueballs have been studied in the three parametric regimes. On the other hand, for
the spin-1/2 fermions they only studied the supergravity regime by considering only the
minimal coupling, which as we show in the present work, does not lead to the complete
answer in terms of a consistent spontaneous compactification of type IIB supergravity on
the five-sphere. Gao and Xiao [2] have studied DIS and elastic scattering on a polarised
spin-1/2 hadron in similar terms as in [1], i.e. considering the virtual photon represented
by a graviphoton, but not including the fluctuations of the four-form potential as we will
describe below. Later on Gao and Mou [3] have considered some effects of introducing by
hand a Pauli term in an effective five-dimensional action. They also have shown how to
obtain the Pauli term from a 6-dimensional model, however they have not derived this term
from a consistent dimensional reduction of type IIB supergravity on S°. Moreover, in [2]
they associate the minimal coupling with the calculation of the polarised proton structure
functions. On the other hand, in [3] they focus on the polarised neutron-like structure
functions where only the Pauli term appears. From a purely five-dimensional bottom-up
perspective, in principle, there would not be an apparent restriction to switch on/off the
minimal interaction and Pauli interaction terms as done in [2] and [3].

The first task we carry out in the present work is a first-principles derivation of the
five-dimensional interaction of two dilatini with a vector field from type IIB supergravity.
This is essential since it makes possible for us to calculate the relative constants between
the Pauli and the minimal interaction terms. Then, from our present calculation based on a
consistent compactification of type IIB supergravity we show that all dilatino modes become
charged under the isometry group of the five-sphere. Thus, both the Pauli interaction and
minimal interaction terms contribute in all cases, i.e. from a top-down holographic dual
calculation it is not possible to turn on/off by hand any of those terms. In this way, it
exposes certain important limitations related to the bottom-up approach.

We would like to emphasize that the consistent approach in the present context implies
that the spin-1/2 hadron, holographically represented by a dilatino field mode, interacts
with a virtual photon, which is represented by a supergravity massless vector field mode.
This vector field is precisely given by a linear combination of the off-diagonal graviton
components and certain components of the four-form potential of the ten-dimensional type
IIB supergravity theory. The consistent reduction on S° of the spin-1/2 fermionic sector
including interactions is in fact a non-trivial task. As already mentioned we have done
it specifically for the cubic interaction terms involving two dilatini and a massless vector



field. This is very interesting because it permits to unveil very important new effects
for the DIS problem of the N' = 4 SYM theory that we have found and introduce in
the following sections. In addition, for the small-z regime a heuristic approach has been
developed in [4], while a first-principles derivation of all structure functions for the spin-1/2
fermions has been developed in [5] where the small-z regime has been investigated from
closed string scattering amplitudes in type 1IB superstring theory for polarised DIS. A very
important remaining aspect is to develop a fully consistent holographic dual description of
polarised DIS of charged leptons from spin-1/2 hadrons in the whole range of the Bjorken
parameter. Therefore, in order to carry out this programme we need to investigate the
structure functions of the hadronic tensor in the Ag&,ﬁ < x < 1 range, in terms of a
fully consistent treatment from type IIB supergravity. This is what we carry out in the
present work.

Specifically, we consider the contributions to the hadronic tensor given by the oper-
ators: (’),E:G) ~tr(Fp Av=4X*) and (’),(;3) ~ tr(F2Av—4X*) with k > 0, where the trace is
taken over the adjoint representation of SU(N) [6]. Ax—4 represents left Weyl fermions!
while X are real scalars. They all belong to the gauge supermultiplet of N'= 4 SYM the-
ory. I is the self-dual two-form field strength. The (’),(66) operators belong to the SU(4)p
irreducible representations 4*, 20*, 60*, and so on, with & = 0,1, 2, etc., being their
SO(1,3) x SO(1,1) x SU(4)g quantum numbers (1/2,0), A =k + %, and (1,k,0), respec-
tively. On the other hand, for (9,213) operators the corresponding SU(4) g irreducible repre-
sentations are 4, 20, 60, and so on for the k = 0, 1, 2, etc. Their SO(1,3)xSO(1,1)xSU(4)r
quantum numbers are (0,1/2), A =k + %, and (0, k, 1), respectively. In order to connect
these operators with their corresponding dual dilatino field modes recall that after dimen-
sional reduction on S° there are two towers of dilatino Kaluza-Klein modes /\f [7]. The

tower of five-dimensional dilatino modes A, with (five-dimensional) masses m, = —k — %

are dual to the (’),(66) operators. In addition, the tower of )\;: modes with masses mkF = k—i—%
are dual to the (9,&13) operators.

The dimensional reduction of type IIB supergravity on the five-sphere including the
dilatino interactions (in ten dimensions) leads to a five-dimensional effective supergravity
action which includes interaction terms beyond the minimal coupling for the dilatino.
We would like to emphasize that we carry out a first-principles derivation from type I1B
supergravity, which is distinct from other previous papers focusing on the DIS structure
functions of spin-1/2 hadrons. Also, as we shall explain below this derivation of the cubic
interactions with two dilatini and a vector field mode has not been derived previously, at
least in the way we present it. The angular integrals lead to very interesting selection rules
for the interactions with important consequences on the dynamics for both supergravity
and N =4 SYM theory. These imply the existence of new terms in the calculation of the
structure functions of the spin-1/2 hadrons in comparison with references [1-3]. We have
explicitly calculated the contributions of each type of interaction to the structure functions,
and obtained that the contributions from the minimal coupling given in [1] are very small

"Notice that An=4 represents the four-dimensional A" =4 SYM Weyl fermions while X\ denotes the
ten-dimensional dilatino field of type IIB supergravity.



as shown in figures 3, 4, 5 and 6 and table 1 of our present work, while the Pauli term
renders very substantial contributions to them. Although the Pauli term was considered
in [3] we have obtained the first complete calculation of the relative contributions of both
terms. Moreover, we have found that the new terms, those given by the selection rules
which we have obtained in this work, as well as the ones obtained from the Feynman
diagrams of forward Compton scattering with both the minimal coupling vertex and the
Pauli vertex in the s-channel, provide additional contributions to the structure functions
which are very important in comparison with the minimal coupling contribution. Also,
from type IIB supergravity we derive relations between different structure functions.

In order to derive the interactions from type IIB supergravity we follow a similar
procedure as previously proposed in references [8] and [9], where it has been analysed
cubic interaction terms with s’ scalars [8] and s!, ¢/ and ¢! scalars [9], in order to obtain
three-point correlation functions of a proper extension of chiral primary operators [9]. In
our present work the crucial difference is that we now consider cubic interactions of two
spin-1/2 fermions coupled to a vector field mode.? Due to the lack of a simple covariant
action for type IIB supergravity due to the self-duality condition, it is proposed to work
with the covariant equations of motion (EOM) in order to firstly obtain the quadratic terms
and from them one can construct an effective interaction Lagrangian. Besides, another
possibility could be to consider the covariant action proposed in reference [11], however
in this case the calculation turns out to be very complicated due to the auxiliary fields
that it contains. It is interesting to emphasize that in order to calculate the normalisation
constant between the two- and three-point correlation functions the authors of reference [8]
have done a comparison of their results with those of reference [11]. In our case, the
unknown normalisation constants of the structure functions of the holographic hadrons are
just overall factors, which can be written in terms of a single overall constant. Thus, we
anticipate that the final result of the complete calculation of the hadronic tensor will just
have a single normalisation constant (ao defined in section 4.2), i.e. there is only one free
parameter which is the same for all the structure functions.

The application of the AdS/CFT duality to deep inelastic scattering has been studied
in a number of interesting papers. For instance, investigations including the eikonal ap-
proach have been done in [12-21]. Also, other different aspects of deep inelastic scattering
have been studied in terms of the AdS/CFT correspondence in [22-27]. In reference [28]
it has been studied DIS of charged leptons from holographic scalar and vector mesons
for the D3D7, D4D8 anti-D8, and D4D6 anti-D6-brane models for a single flavor, while
in [29] it was considered the multi-flavored case in terms of both type ITA and type IIB
supergravities. Scalar and vector mesons structure functions in the z < )\SYM_I/ 2 regime
using superstring theory have been calculated in [30] and [31]. Moreover, 1/N? corrections
to deep inelastic scattering from the gauge/gravity duality have been derived for glueballs
n [32], while in [33] the 1/N expansion from the D3D7-brane system has been obtained
for scalar mesons. Also, 1/N corrections to F; and Fy structure functions of vector mesons

*Note that in reference [10] interactions of two dilatini and a fluctuation of the axio-dilaton have been
derived from type IIB supergravity. This is totally different in comparison with our present work, where
the relevant coupling of the two dilatini involves a massless vector field.



from type IIB supergravity have been obtained in [34]. In these cases the interesting result
is that 1/N corrections fit substantially better the corresponding lattice QCD results for
the pion and the p meson in comparison with previous results in the planar limit. More-
over, in [35] the role of the chiral anomaly and the Chern-Simons term in the structure of
glueballs has been investigated. Another compelling result is presented in [5] where DIS
of charged leptons from polarised spin-1/2 hadrons has been investigated at small z from
type IIB superstring theory, obtaining the antisymmetric structure function g;, which has
been fitted to experimental data from COMPASS Collaboration [36] for the correspond-
ing function g} of the proton, with a x? per degree of freedom of 1.074. This encourages
to continue exploring high energy scattering processes in particle physics in terms of the
AdS/CFT duality.

The work is organized as follows. In section 2 we obtain the cubic interaction terms of
two dilatini and a vector field from type I1B supergravity. We firstly derive the EOM of the
dilatino field coupled to a vector field mode B(lz with [ > 1, which is a linear combination of
the off-diagonal components of the graviton and the AdSs vector components of the four-
form potential. Then, we consider the special case of [ = 1, i.e. the massless vector field
mode B, and obtain the explicit form of the contribution of all the corresponding cubic
interaction terms involving two dilatini and a massless vector field to the five-dimensional
supergravity action. In section 3 we give some definitions of the hadronic tensor. In
section 4 calculate explicitly all the corresponding structure functions of the hadronic
tensor using the holographic dual prescription, focusing on the case of the twist-3 spin-
1/2 fermionic operator. In section 5 we introduce our results corresponding to polarised
structure functions associated with the twist-3 spin-1/2 fermionic operator. In section 6
we write the discussion and the conclusions. Some details of the calculations are shown in
two appendices.

2 Cubic interaction terms of two dilatini and a vector field from type
IIB supergravity

The five-dimensional IIB supergravity compactification on AdSs x S has been carried out
by Kim, Romans and van Nieuwenhuizen using harmonic analysis on the five-sphere [7],
obtaining the mass spectrum for all fields. In this section we derive the five-dimensional
cubic interaction terms between two dilatini and a vector field from type IIB supergravity.
This vector field B, is a linear combination of off-diagonal graviton fluctuations of the form
haa, and the four-form potential fluctuations with one index on AdS; and three indices
on S°, denoted by Gqa8v, being both ten-dimensional fields of type IIB supergravity. The
vector field modes can be massless or massive, and we discuss both situations in general
terms. As anticipated in the introduction we carry out a procedure which is somehow
anologous to the derivation of the cubic interaction terms involving two scalars of the type
s’ and one scalar of the type t! or ¢! developed in references 8, 9],3 in the sense that we
begin with the linearised EOMs of the dilatino and the field B, in type IIB supergravity

®Recall that the scalars s and ¢! are mixtures of the four-form potential fluctuations aqss on S° with
the trace of the graviton on S° (h), while the scalar ¢ is given by the graviton fluctuations on S° (hag).



and add fluctuations to them. To our knowledge the interactions between dilatini and the
vector field modes B, that we derive in this work have not been considered in previous
literature.

Let us recall that the bosonic field content of type IIB supergravity includes the gravi-
ton, a complex scalar, a complex two-index antisymmetric tensor, and a real four-index
antisymmetric tensor Apgrs that we call the four-form potential. M, N,P,---=0,---,9
denote ten-dimensional curved indices. On the other hand, the fermionic sector contains a
chiral complex gravitino and a chiral complex spin-1/2 fermion (the dilatino 5\) of opposite
chirality.

2.1 Derivation of the dilatino EOM coupled to a vector field B!,

In order to derive the cubic interaction terms with two dilatini and a vector field let us
consider the covariant EOMs of type IIB supergravity fields [37-39]. Then, we can add
second order corrections in the supergravity fields to the linearised contributions. This
method has been used by Lee, Minwalla, Rangamani and Seiberg in [8] considering cubic
interaction terms involving s’ scalars. Also, Arutyunov and Frolov used these ideas to
obtain cubic and quartic Lagrangians [9, 40]. In our case we must derive interactions
between two dilatini A and a vector field mode B.. Specifically, for the DIS calculation we
consider we need the massless mode of this vector field B}, i.e. [ = 1.

The type IIB supergravity EOMs for the ten-dimensional metric and the five-form field

strength are [7]*

1
Ryn = gFMPQRSFNPQRsy F5 =I5, (2.1)

where M, N, O, ... are curved indices in ten dimensions. The second equation is the self-
duality condition for F5. The symbol * stands for the ten-dimensional Hodge dual operator.
The five-form field strength is given by

FrpQrs = 50 Apgrs) = O ApQrs + 4 terms. (2.2)

A solution of the above equations is given by the AdSs x S® background with a constant
five-form field strength and a constant dilaton field, while the rest of supergravity fields

are zero,
dz? dxtdx”

ds? = g ydaMdaN = L e A2, (2.3)

Fc?bcde — €abcde> Fgﬁ’y&e = €afyde (2'4)

where a,---e and a, - - - , e are AdS5 and S° curved indices, respectively. We use the mostly

plus four-dimensional Minkowski metric 7, = diag(—1,+1,+1,4+1). We have set to one

“There is a minus sign of difference in comparison with equation (2.1) of Kim, Romans and van Nieuwen-
huizen (KRvN) [7]. Tt comes from the definition of the Ricci tensor which we define as Rarn = R¥y v
as in [8], while in [7] it is defined as Rgéi? vN) = RX, i n. Therefore, our Ricci tensor has an overall minus

sign with respect to the KRvN’s one Ryn = — RGN,



the radius of S® as well as the scale of the AdSs space. Now, we consider the fluctuations
of the ten-dimensional type IIB supergravity fields which can be written as follows

guN = gyn +hun, (2.5)
Amnor = Aynop +amunor, Funorr = Fyinopr + [MNOPR, (2.6)

where the label 0 indicates the background fields solution.

The EOMs for the bosonic and fermionic fields linearised in fluctuations of the fields
on the AdS5 x S® background have been obtained in reference [7]. Bosonic and fermionic
fluctuations have been expanded in scalar, vector and spinor spherical harmonics on S°
respectively, obtaining the bosonic and fermionic mass spectra. In the present work we are
interested in the interactions of the dilatino with the massless mode of the vector field B,.
Since this field is obtained from the off-diagonal metric perturbations hq, and the four-form
potential perturbations aqag,, we focus on their EOMs. In order to fix the redundancies
coming from the diffeomorphism invariance one imposes the de Donder gauge®

« « 1
\% haa =V h(aﬁ) = O, h(aﬁ) = ha,B — ggaﬁh:;’ (27)

vaaa575 = Vaaaﬁ'ya = Vaac\zﬁab = vaCLcmbc = 07 (28)

where (af) indicates symmetrization and traceless. This allows to eliminate certain fluctu-
ations, thus simplifying the EOMs. After imposing the de Donder gauge on the off-diagonal
metric fluctuations, they can be expanded in vector spherical harmonics on S° [7]6

haa(2,y) = > AL (2)Y.(y) (2.9)
Is
(@ =4)Yaly) = —(+ 1) +3)Ya(y), (2.10)
where [ = 1,2,.... The coordinates = are on AdSs space while the y’s are on S°.

The fluctuations of the four-form potential which are relevant for us are

Gaapy = Y P (®) €apysc VYY), Gaabe = Y bl () Y (y) . (2.11)
15 15
The second fluctuation can be rewritten as
Aaabe = Z 6CLl)cclevd(I)I5e(x)Y'ozk (y) . (212)
15

The corresponding EOMs to the fluctuations A% (z) and ®/5¢(x) are coupled Maxwell-
Einstein equations. After diagonalizing these equations the eigenvectors are the vector
modes Bé and C’fl, while their corresponding eigenvalues are M]23l and M(QJ pfor 1 >1,

Bl = A, —4(1+3)®,, Mpj,=(*-1), (2.13)
Ch=A +40+1)2,, MZ,=(1+3)(1+5). (2.14)

5V denotes the covariant derivative.

57 represents the five indices (Is,l4,13,1l2,11) of the spherical harmonics on S®. As shown in equa-
tion (2.10) there is a mass degeneracy, i.e. it only depends on Il5. Thus, in order to make the notation
simpler we can set s =1 and drop the indices 1,2, l3,ls. Through this work we use both Is (meaning the
above five indices) and | = Is.



The corresponding irreducible representations of the SU(4) ~ SO(6) group are 15, 64,
175, ... for [ = 1,2,3,... for both towers of vector modes. The quadratic action with
its normalisation constant has been obtained in [41]. In that paper Arutyunov and Frolov
obtained the normalisation by comparison with the covariant action found in reference [11].
As we shall see, in the holographic dual calculation of the DIS process all the normalisation
constants of the supergravity fields are included in a single overall factor. Thus, for the
calculation of DIS structure functions that we develop in this work we do not need to
obtain the normalisation corresponding to the interaction of two dilatini with the vector
field. What really matters is the relative constant bjz; between the minimal coupling
interaction and the Pauli interaction terms in the effective five-dimensional action shown in
equation (2.54), that we derive from type IIB supergravity. byx; is given in terms of certain
angular integrals that we solve. In addition, we determine the values of the coupling Q,
which as already commented cannot be zero. Also, for the holographic approach to the
DIS we are interested in the interaction with the massless vector modes which are given
by setting [ = 1 in equation (2.13). In this case the vector spherical harmonics are Killing
vectors of S°. In fact these massless modes are the 15 Yang-Mills gauge fields corresponding
to the SU(4) group.

Now, we derive the interaction terms between the vector field B! with [ > 1 and the
dilatini. We begin with the covariant EOM of the ten-dimensional dilatino ;\, then add
second order fluctuations. The EOM reads

MDA — QLHFM'"PFMMPS\ =0. (2.15)

In a similar way one can obtain the EOM for X = AL, The T matrices can be written as
M=ol@i®~? and I'“=-0?Q7°®1I, (2.16)

satisfying the Clifford algebra
{FM’FN} :2771\?11({7 {’y&,’yl;} :277&13’ {T&,TB}:Q(S&B. (217)

o' and o2 are the Pauli matrices. Indices M, ]\7, ]5, ..., 13, ¢, ... and &, B, 4, ... correspond
to flat space-time in ten and five dimensions, respectively.
The dilatino field is a right-handed spinor

X:;(1—F11)X:<g> , (2.18)

where

5 5 I 0
L= 100 ( s —116> | (2.19)

The covariant derivative Dj; is defined in terms of the spin connection and the opera-
tor Q:

Dy =0y + *WA]\/[[OENOA—}-QM. (2.20)



The U(1) connection Qps couples the dilatini with the axio-dilaton field, thus it is irrelevant
for the DIS process we are interested in at tree level.” We define X ;5 = %(FAFB —T'sl5)
while the spin connection is given in terms of the vielbein

m’%N = €J\OZVM€ON = —eONVMGJg = egaMfBON + egeRNF%Ma (2.21)
and
nMNe%e]\N/[ = JdMN- (2‘22)

By taking into account the off-diagonal metric perturbations one obtains the corresponding
first-order corrections to the vielbein. We choose the standard parametrization to describe
the vielbein and the Kaluza-Klein fields, obtaining

; ; 1
(N = \/annoN (€)Y = o (2.23)

The vielbein depends on the metric perturbations in the following way

N . . b Isy/ I B a Isy/ 1553
e, ABY!s a _ A5Y s
6% (60)% 66% ( ‘o B ) ) N (ea B ) )

Ca 0 €a

NN efe 0
e = _ AlsaylsB go8 | - (2.24)

Then, we can collect the first-order terms in the vector fields A, which contribute to the

>

=

variation of the vielbein de. Firstly, we analyse the fluctuations of the kinetic term in
equation (2.15) which come from the contraction with the metric. We have to consider the
vielbein present in the '™ Dy, contraction as well as the two vielbeins in the definition of
the spin connection and the Christoffel symbol. We begin with the study of the fluctuations
coming from T'™ D,;. Thus, we obtain

; 1 s . ; 1 .
rLgel! <aM + 2w%NZMN) A = —Abraylse <aa + ngszMN> A
= ('@ 11 YD, @~°AF) N, (2.25)

In the second line of this equation we obtain the factor v* A which has indices running
on AdSs, which is similar to the minimal coupling. However, there is an additional factor
on S°, which is the contraction of the vector spherical harmonic Y5 and the covariant
derivative. Recall that when [ = 1, Y% becomes a Killing vector on S°. Together
with another contribution this generates the angular momentum operator associated with
the U(1) symmetry. The corresponding spinor spherical harmonics are eigenstates of this
operator, and in this way it reduces to the minimal coupling studied in [1].

"It would be relevant for one-loop supergravity calculations of the holographic dual description of DIS
which correspond to % corrections.



Now, let us consider perturbations on the spin connection given by

~ 1 ~ 1 ~ ~ ~ ~
FLe]‘ff (26wl\]\//I[NZMN> = §FL€A£4 (5€]\OJVM€ON + el My, 50N 4 MeRN(SFgM) S

= leYhir,® <4ebceabFI5E )

1

—ol @ TPV(YEY 7, ® 1%455 , (2.26)

where we have used the following identities deduced from the commutation relations of the
I' matrices

1
F‘/Eﬁa = E F + 2n7ﬁf‘ (2.27)
1 1
EB@F& = Z(FéFd — F&FB)F'AY = E,YBF@ — 5?7,?BF@ . (2.28)

As a consistency check one can show that the non-gauge invariant terms of the form V- A
which come from the vielbein perturbations cancel exactly with those coming from the
Christoffel symbols, thus leading to a gauge invariant result as expected.

Now, let us write all the terms induced by the off-diagonal metric perturbations on
I'M Dy acting on the dilatino. We obtain

) 1
MDA = (V4Dg + it Do)\ — v AL <Y15O‘Da — 4TaT’yV7YO{5> A

%Ffsabzabrayfwx O, (2.29)

where we have defined the tensor F L{g = 8aAI5 OpAl5 | related to the gauge field coming
from the off-diagonal metric perturbation. In equation (2.29) the term O(¢)%) indicates
that this expansion includes quadratic terms in the fluctuations of the considered fields.
here denotes linear fluctuations of the type IIB supergravity fields.

Note that in order to obtain the above equation we have expanded the fermionic field
A of equation (2.18) in terms of the spinor spherical harmonics on S, @;(y) and O, (y),

A= Z (A (z )+ AL (2)65 (v)) (2.30)
which satisfy the corresponding Dirac equations
T%Do0i = Fi <1<: + ) ©F  with k>0. (2.31)

The construction of the spinor spherical harmonics on S° can be done iteratively from
lower dimensional spheres using the method developed in [42]. Another way to construct
them has been studied in reference [43] from Killing spinors on S°.

Also, to obtain equation (2.29) the matrices 7, and VWYQL” have been exchanged.
This only gives a change of sign, since 7., from the anti-commutation relation contracts
the vector spherical harmonic with the covariant derivative and it vanishes. The charge
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eigenvalues are associated with the operator v* D, — %TOCT’YV»Y’UQ, where Y¢ is replaced by

the Killing vector v®.8

Now, let us focus on the perturbations of the four-form potential at first order which
are relevant for the case we consider. Thus, we have

2_—5'er"'M5FMl...M‘,)X = —(ot @ Lig) A+ OW?), (2.32)

where o7 = # At first order it corresponds to a mass term in AdSs which adds to

the D’Alambertian operator coming from the kinetic term. In order to obtain the second

order perturbations we note that F5 includes vector perturbations related to the vector

components of the four-form potential given in equation (2.11). These perturbations lead
. o 1 2 3

to the following contributions to Fj: féa)ﬁw, féa)bcd, féb())ém and f abeo S

We can write the F5 fluctuations by using the decomposition in spherical harmonics
which leads to

fé(lx)ﬁ’yg [ AaBys) = aaaaﬁ'yé - 804@11,876 - 8Baaa’y6 - a’yaaﬂaé - aéaaﬁya
= ‘1)55 ($) (_6,37567'8(1 + 60[’7567'86 + EBa(SETa'y + 6,6’70467'85) VEYIST(Z/)'
(2.33)

There is a sum over indices of the spherical harmonics on S° that we omit to simplify the
notation. The rest of the fluctuations can be written as

f(abcd = YI5( ) (_ebcdefaa + 6acdefab + 6badefac + 6bcaefad) ve@fsf(x) ) (234)

fcsl?)’()xﬁ'y = (8aq)£5 (aj) - abq)c[u5 (‘T)> 6&575EV§YI5€ = Falgeaﬂw&v‘syke(y) ) (2'35)
Fmas = Oatsjane = (VaXi? = VY ) capeae V107 (2) (2.36)

where we have defined a new two-form field strength F alg = 8a@£5 — 8b§>£5. After some
algebra, and using properties of the gamma matrices we obtain

ﬁer...Mg)f](\}zmMs B % (01 . (Tavﬂvﬂym _ Tﬁvavﬁylsa) @7%55) , (2.37)
2;5!le---% 2 = % G A CAA R A AL ) X 5
ﬁer...M5f$3..‘M5 _ % ((72 ® 7PV, Y ®7a7bpjg) : (2.39)
I ] =
*Note that this operator reduces to i52- for the first constant Killing vector. 01, 05 denote the angles

of S°.
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Finally, we consider the contributions of the fluctuations of the vielbein to the con-
traction of I'M P with F5, leading to

My Ms s M Ms M- Ms M, Ms
i det o ey oo g el he Yy
Y Nt MMy e My My Ms

5 . D
=1 <2_5!FaéengFCFdfe€abcde + Mra‘;egFWFéFEIW%%W)

. 1
= —ioc' ® 75Y515 ® EfyaALIf . (2.41)
The EOMs of the dilatino field modes )\f corrected to second order in the perturbations
of the fields read
1 |~
(V" Do + miNE = <~yaAgs(Y15aDa — ZT“TVVJ;S) — %Ffsab Y apTa Y 15
5 (raVaVIY T - 1V VY ) gl

)
2
+ (TaTﬂvaYﬁls) vavaaIg — ;TO‘YO{57‘1A£5> )\ki + (’)(1/;3) . (242)

R A CANR SRR AR L

where mg =k+ % and m, = — (k: + %) are the masses of the Kaluza-Klein dilatino modes
/\ki. Note that we again have omitted the sum for Af@f.
2.2 Interaction terms of two dilatini with a massless vector field mode B}

Now, let us study the perturbations associated with a massless vector mode. Such pertur-
bations correspond to setting [ = 1, therefore the corresponding vector spherical harmonic
on S° is a Killing vector on the sphere: Y.! = v, which satisfies the equation

Vavg +Vgua =0. (2.43)

In order to obtain the interactions with two dilatini we now consider the massless vector
mode B!. Thus, we obtain

1 1 '
(YD +miHNE = <3fyaB;(vaDa - ZTQT’YVV’UO[) - éFub SapTat® (2.44)
—557 (FaVsV U = 75V V) 17 B (2.45)
224
+ ! T (’yaVbeBla . %vbvaB“’) (2.46)
: .
~o < aT’Bva'U/j) 7P Fop — éTava'y“B;> )\f . (2.47)

The term in the line (2.46) vanishes since it contains the EOM of the massless vector field
at first order v,V F? = 0, where we have defined a third type of two-form field strength:

Fap = VaBj — V3B, , (2.48)
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which turns out to be a linear combination of the form F,, = F ;b — 16F c}b' In fact, the
term (2.46) introduces cubic corrections which are irrelevant for the calculation we are
interested in. The contribution of line (2.45) can be simplified by noting that the Killing
vector v™ satisfies the EOM of the vector spherical harmonics for [ = 1, and it exactly
cancels the last term in the line (2.47), as explicitly shown below:

—1 « « a —21 « a
57 (TaVsVP0 (1) = 75V VP (1)) 7" Bi(2) = 557 (7aVsV7 0 (4) ) 7" Bi(x)
-2 ay . a
= m( 4T v )y Bé(a:)
= L (rav®)y°Bl(2). (2.49)

The operator multiplying to 7*B! in equation (2.44) is associated with an angular mo-
mentum operator. If the Killing vector v! is associated with the angle 6; the operator
becomes the usual angular momentum operator iaial' The spinor spherical harmonics are
charge eigenstates of this operator and generate the minimal coupling term used in the
holographic dual DIS calculations [1]

1
<vaDa - 47’“77V.Yva> 0f = —-iQ 6F . (2.50)

Notice that the spinor spherical harmonics @f have five [;’s indices which are related to the
five-sphere angles in a similar way as for the vector spherical harmonics. The eigenvalues of
the Dirac equation (2.31) and the Kaluza-Klein masses depend on l5 = k, while the charge
Q, defined from a Killing vector, depends on l;. For 7 = 3, all [;’s are zero and Q = +1/2,
however for general twist the charge depends on the spinor spherical harmonics.

Next, one has to project the spinor on the spinor spherical harmonics @lf, expressing
the result in terms of angular integrals on S°

a Q a Z a
(Y*Da +m)A; = —ig kY BINE — T3tk b, (2.51)

where ayy; and by, correspond to the following angular integrals:?

A1k; = / dQ5 @;f @k = 5kj; (2.52)

bikj = / dSs O] (Taua = if%ﬁvavﬁ) O . (2.53)

The integral byy; can be simplified and rewritten in terms of the first term.'0 In addition,
starting from the EOM for )\ one arrives to a consistent result.

In this way the interactions that we obtain do not have higher order derivatives and
can be directly derived from an effective five-dimensional action. Thus, it is not necessary
to carry out non-linear redefinitions of the fields as discussed in references [9, 44].

9 Also, we have to consider the + indices related to the fermionic modes A;-.
0Details are given in appendix A.
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Finally, we obtain the five-dimensional cubic interaction terms, which are relevant for
the holographic dual description of DIS that we are interested in

Sint = K/dz d*z\/=gads, x
o bt bt
(ingfyaB;A,;—L +i %X?F@bzabxf +i11’f2JXjEFabzabAj> . (2.54)

The first term is similar to the minimal coupling given in [1], though now we explicitly
indicate that the massless vector field is a linear combination of the AdSs vector components
of metric and the four-form potential. Also, this term displays the interactions for all
possible dilatino modes labeled with the subindex k. Recall that O depends on each spinor
and cannot be zero. This is a crucial difference with respect to [3], and it comes from the
fact that equation (2.54) is directly derived from type IIB supergravity. On the other hand,
for the Pauli term an interesting comment is that bfk’;c and bick’f are constants obtained from
angular integrals on S°, which we calculate in the following sections and in appendix A for
the case of the twist-3 operator. Another important remark is that the Pauli interaction
allows for the mixing of dilatino modes of the two towers (i.e. A*) with labels k and k =+ 1
through the interaction given by the third term as explained in section 4.3.2. Also notice
that since this effective action contains both kind of dilatino modes A*, it permits to
investigate the contributions of both (’)126) and 0,93) N =4 SYM theory operators to the
current-current OPE which leads to the hadronic tensor.

Although the normalisation constant K can be obtained, for the DIS process we con-
sider in the present work it is not important since there will be other normalisation con-
stants related to the wave-functions of the dilatino and the massless vector field, which we
can write as a single overall factor for the expression of the hadronic tensor, thus being the
same for all the corresponding structure functions. Therefore, effectively there will be just
one single parameter for the whole set of structure functions, namely |ag|. The holographic
dual description of the DIS process that we consider requires tree-level Feynman-Witten
diagrams involving spin-1/2 hadrons and the electromagnetic current.

3 Hadronic tensor of spin-1/2 hadrons

The structure of hadrons can be characterized by the hadronic tensor W, associated to
deep inelastic scattering. In this process a charged lepton interacts with a hadron by
the exchange of a virtual photon with four-momentum ¢*, the photon probes the hadron
which decays into the final states X'. Schematically this process is represented in figure 1,
where P* denotes the four-momentum of the initial hadron and P} denotes the total
four-momentum of the final hadron states.

The relevant kinematic variable is the Bjorken parameter x = —q?/(2P - q) which is
kept fixed in the DIS limit ¢ — oco. The hadronic tensor can be written in terms of the
sum of symmetric and antisymmetric parts

Wy = W5 (q,P)+i WD (g, P,s), (3.1)
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Figure 1. Ilustration of DIS. A charged lepton exchanges a virtual photon with a hadron of
four-momentum P. The incoming and outgoing lepton four-momenta are k and k', respectively.

and for an incident hadron with spin 1/2 the hadronic tensor can be decomposed in eight
structure functions [45, 46]

s) Qul 9y M S-q
W;,(LV) - (77/11/_ qg > |:F1($>q )+ 2P - q

1 P-q P-q o, MS-q )
P <PM— Pz ‘Iu) (Pz/_ 2 Cb) Fy(x,q%) + Pq g4(z, q°)
P,

M P.q S-q P.q S-q
2P-q[<P“ g2 q“><S” q ”>+<Py g2 q”)<s“ P-qP“H

g3(x,q%) | (3.2)
M e P S . € p po
(4 — 22 Cwpo O [ go 2 o_ 2 4po 2v\  Cupod”P7 9
W/w P-yq <S gl(l'aq )"’ [S P-qP :|92($,q )) 2P - Fg(l’,q),
(3.3)

where M is the mass of the incident hadron and S* its spin vector defined as
25" = u(k, s)y"ysu(k, s) . (3.4)

We are using the mostly plus metric ), = diag(—1,1,1,1). It is worth mentioning that in
QCD the structure functions gs, g4, g5 and F3 vanish for the electromagnetic DIS. However,
in this work we consider an IR deformation of the chiral theory N = 4 SYM, therefore it
leads to a non-vanishing F3 and g; with ¢ = 3,4, 5.

Using the optical theorem one obtains the relations

W) = 2n Im(Tlgf)) , W) =on Im(T,fL;j% , (3.5)

where the tensor T+ is defined by the time-ordered expectation value of two electromag-
netic currents inside the hadron

T =i [ di€ 1€ (PO, ST ONP.Q.5), (36)
while its imaginary part can be expressed as

Im(le) = 2r? Zé(M/'QY + (P + Q)2)<P7 Q, S|JV(0)|PX7 Q, S><PX7 Q7S’J#(O)|P7 Q, S) )
X
(3.7)
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where J,, is the electromagnetic current inside the hadron and the tensor can be expressed
in terms of a sum over the intermediate states X'. The optical theorem has been used to
obtain equation (3.7).

4 Structure functions of polarised spin-1/2 hadrons from type IIB su-
pergravity

In this section we carry out the holographic dual calculation of all the structure functions
corresponding to the DIS process of a charged lepton off a polarised spin-1/2 hadron which
is represented by a dilatino field mode. Since we consider the regime )\S_%{v? <z <1
of the Bjorken parameter we use type IIB supergravity compactified on AdSs x S°. The
starting point is the five-dimensional action that we have derived in section 2 given by
equation (2.54). Essentially, it contains two very different types of terms, namely: the
first one corresponding to the minimal coupling, and the second one which is the so-called
Pauli term (the second and third terms of (2.54)). There are several crucial differences
with respect to the calculations of references [2] and [3]. The first one is that we have
derived all fermionic interactions from first principles using type IIB supergravity as ex-
plained in section 2. This allows us to calculate the relative constants byy;’s between the
terms of equation (2.54). Therefore, we obtain the precise contribution of these terms to
the hadronic tensor and the structure functions. Also, from the angular integrals on S° we
obtain selection rules (previously unknown) that in the case of the minimal coupling pre-
serve the nature of the incident hadron. Interestingly, in the case of the Pauli interaction
the selection rules give also a mixing of the initial and the intermediate states with certain
specific quantum numbers, in addition to the case where the initial and intermediate states
are the same.

The gauge/string duality relates the large N limit of the conformal SU(N) N = 4
SYM theory with type IIB superstring theory on AdSs x S®. In order to study the DIS
procces we need to break the conformal invariance by introducing a confinement scale A.
Thus, it leads to the so-called hard-wall model proposed by Polchinski and Strasler [1],
where the conformal symmetry is broken by introducing a cut-off zp = 1/A in the fifth
coordinate of AdSs. This leads to a mass gap for the hadrons.

The electromagnetic current inside the hadron comes from gauging the global U(1)g
symmetry subgroup of the SU(4) g R-symmetry group of A’ =4 SYM theory. The electro-
magnetic current operator inserted at the boundary of the AdSs induces a non-normalizable
Bl(x) gauge field Kaluza-Klein mode which propagates in the bulk. As explained in sec-
tion 2 the vector field B} (x) is associated with a fluctuation of the metric and the four-form
potential of the type IIB supergravity. The U(1)g is dual to an U(1) subgroup of the SO(6)
isometry group of the S°, with Killing vector v,. Recall that x, with ¢ = 0,1,...,4 are
coordinates on AdSs, then we split (z,) = (2., 2) where Greek indices p,v,--- =0,1,2,3
and z is the fifth coordinate.

In the Lorentz-like gauge

Bl
OB, + 20, <Z> =0, (4.1)
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the vector field satisfies the following Maxwell-Einstein equations in AdSs

1
—¢°B,, + 20. (ZazB,}L) =0, (4.2)
Bl
—¢*Bl + 0. <zaz <)> =0, (4.3)
z
with the boundary condition
Bi(a:,,, z—0)= Bi(a:,,)|4d = n“eiq'x (4.4)
where ¢ - x = q,x”. The solutions of the above equations with the boundary condition are
given by
B}L =n,e" "z K1 (qz), Bl =in-qe9%2Ky(qz). (4.5)

The Pauli term contains the F),, tensor, which can be simplified by using the recur-
rence properties of the Bessel functions, obtaining the following expressions in terms of the
modified Bessel functions of second kind,

Fu = T g 2 (quny — quny) K1(q2) , (4.6)
F., = el (—nuq2 +(n- q)qu) 2Ko(qz) . (4.7)

The holographic spin-1/2 hadron corresponds to the dilatino field in type IIB supergravity.
From equation (2.30) we can expand the spinors in terms of spherical harmonics @f (Ya)
which are solutions of the Dirac operator with positive or negative eigenvalues (2.31). These
generate two Kaluza-Klein mass towers for spin-1/2 fermions )\% in AdSs as described in
section 2.1. The A, (x,,2) modes are the holographic dual fields corresponding to the
(’),(66) ~ tr(Fi A\v=4X") operators with conformal dimensions A =k + 2, (twist 7 =k + 3)
with £ = 0,1,2---, which belong to the 4*, 20*, 60*, - - -, representations of the SU(4)g.
The A/ (2,,z) modes are associated with the (9,&13) ~ tr(F2 AMvy=4X*) operators of N = 4
SYM theory with A = k + LI (twist 7 = k + 5), which belong to the 4, 20, 60, - -,
representations of the R-symmetry group. Properties of these operators are summarized
in the table 7 of reference [6].1!

We consider the A~ (z,,2) mode with & = 0 since it has the minimal twist 7 = 3,
therefore providing the leading contribution to the hadronic tensor of spin-1/2 fermions.
The A, (x,, ) dilatino mode in AdSs satisfies the Dirac equation'? with mass m (k) = k+%,

(V" Dy, — 11 (k) A, = (27 0m — 29" — 1 (k)) A, = 0. (4.8)
The normalisable solution with four-momentum P* is

_ iPax 2
A (24, 2) = CeiPe3 (Jml (Mz)a++Jml+%(Mz)a_> , (4.9)

1
2

"Notice that in the table of page 50 of [6] the conjugate irreducible representations of SU(4) g are related

(13)
k

to the operators O, . However, those representations correspond to 01(96) operators, and reciprocally

(see [7]).
2Note that in reference [47] the authors consider the Euclidean case without a cut-off, therefore their
solutions are different.
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where a4 and a_ are spinors satisfying y5a1 = +a+ and C is a normalisation constant.
This solution solves the Bessel differential equation obtained after acting with 4"9,, on the
Dirac equation (4.8). Then, using the Dirac equation we find that these spinors are related
by a4 = i%a_ . We construct the Dirac spinor in four dimensions u, from a+ = Pru,,
therefore the solution can be written as

5

A (2, 2) = Cet’ 23 (J;_o(Mz)Py + Jr_1(M2)P_) u,, (4.10)

where

(I£+°)

WPy =iMug , P?=_—_M?, the projectors Py = 5 ,

(4.11)

and 7= A — % = 1 + 3/2 is the twist of the corresponding N/ =4 SYM theory operator
O,(CG). I denotes the identity matrix.

The modified Bessel function of second kind of B}L falls exponentially for % < z.
Therefore, in the limit of hard scattering (A < ¢) the interaction occurs in the conformal

region near the boundary,

1
Zint ~ — . 4.12
int q ( )

In this region, we can expand the wave-function of the incident hadron in the DIS limit
(A ~ M < q) up to second order in M/q, obtaining

mi+2
_ = 3/2 [ %
A~ et “"c'-z/ <)
7 170
20

M.
Po+—— _p

i 4.13
2 (1 + 1) " (4.13)

In order to obtain the polarised structure functions we have expanded up to second order
the initial hadron wave-function. In the non-polarised case of reference [1] this is not
necessary. For the intermediate state, the approximation does not hold since My ~ ¢ and
we have to use the complete wave function,

MY?

1/2
20

Ay = e Tred, PP px [Pody1/2(Ma2) + Py Jgi1/2(M2)] . (4.14)
The selection rules derived from the angular integrals allow the interaction with the
fermionic states of the 4, 20, 60, ... representations of SU(4) (recall that in terms of
the SYM theory these correspond to O,(Cl?’) operators). The Dirac equations in AdSs for
these supergravity fields are

(Y" Dy, +102(k)) NF = (29" 0m — 29° + ma(k)) \f =0, (4.15)

where ma(k) = k + % Analogously, we calculate the wave-function of the intermediate
state with four-momentum P)‘é, given by

1/2

- M 5
+ __ _—iPy-x /
AX(xﬂa Z) =e v

Cx 212;2 Z2Ugx (me+%(MXZ)Pf + Jfﬂx— (MXZ)P+) ) (4.16)
0

1
2

where the spinor u,y satisfies the Dirac equation.
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4.1 Selection rules for an incident 7 = 3 spin-1/2 fermion

The interaction vertices we consider have coeflicients involving integrals over the spinor
spherical harmonics. These integrals lead to selection rules for the outgoing fermionic
states (or the intermediate states in the related forward Compton scattering) and the type
of interactions that occur in the AdSs space. In the strongly coupled N'= 4 SYM theory
the leading contribution to the hadronic tensor comes from the twist 7 = 3 operator,
therefore k = I5 = 0,'3 and the other quantum number Iy, 5,13 and l4 vanish too, since
they satisfy l5 Z l4 Z l3 Z lQ Z ll.

Following the formalism proposed in reference [42] we obtain the explicit expressions of
the spinor spherical harmonics. The case with minimal twist!4 has a degeneration related
to the 4* representation and it implies that there are four spin-1/2 fermionic modes Ao,
with a = 1,2, 3,4. We have explicitly verified that the final result does not depend on the
choice of the initial state (among the above A; modes belonging to the 4* irrep). Thus,
without loss of generality we choose the following normalised state

e~ 3(03=05) og %2 cos %4
—iQ0; | —eiz(05+05) gin (92) cos (%4
@(_00000)7 = .1 ? ; ) (4.17)
,0,0,0,0)0=1 3/2 —e~i5(03+05) (g (%2 sin <%4
13 (=03+05) gy (%) sin (%4)

where the charge is Q = % and the sub-index a is associated with the 4* representation of
SU(4). In the present case we have chosen @ = 1. The angles 6;’s correspond to S° and
they are associated with the [;’s.

Notice that the spinor spherical harmonics O, have in fact a dependence on the five
indices (I5,14,13,12,11), which in order to simplify the notation we have omitted in the
formulas presented in section 2. Since in the present work we restrict to the case 7 = 3,
this corresponds to set l5 = k = 0, and therefore we only have Iy = I3 = ls = I; = 0,
which implies that @ = Qp, o can only be £1/2, corresponding to a = 1,3 or a = 2,4,
respectively.

Now, we carry out the integration between states within the same representation 4.
This is related to the Pauli term connecting A, _, with A;_,. The only case with a non-
vanishing integral corresponds to the coupling with a fermionic state with the same twist 3,

which leads to )

MR =—-. (4.18)

(0,0,0,0,0)a=1 — 3

/ dQ5(@@,o,o,o,0)a=1

This coupling is very important because when we calculate the associated matrix element,
this contribution must be added to the standard minimal coupling contribution, and as
we shall see, this has a very important effect on the structure functions. Then, in the

BNotice that k > 0 labels the )\ki dilatino modes, while [ > 1 in section 2.1 denotes the Bfl modes which
in the massless case corresponds to [ = 1 (see also footnote 9).

MDetails of the construction of spinor spherical harmonics and higher twist operators will be reported
in [48].
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calculation of the hadronic tensor (equation (3.7)) the matrix element is multiplied by its
conjugate and for this reason, in addition to the contributions found in the reference [3],
there will be a mixed contribution, involving a minimal coupling vertex on one side and
a Pauli interaction vertex on the other side of the forward Compton scattering diagram,
which in fact modifies the structure functions. In section 5 we discuss explicitly the effects
of each term for 7 = 3.

On the other hand, the coupling between A\~ states in the 4* representation with A\
states in the 4 representation is controlled by the following integrals which come from the
third term in the effective action (2.54)

e 1
/dQS(@ap,Q,o’())a:l)TTav 6(070,070,0)(1:1 - _3\/5’ (4'19)
o 1
/dQ5(@zr171,07070)a_1)T7-0¢U @(0,0,0,0,0)azl - \/%’ (420)

1
+ aQ- =
/dQ5(9(1,1,1,0,0)a3)TT"‘U @(0,0,070,0%:1 T 3V2 (4.21)
dQ @+ T a9 — 1 4.22
5( (171,1,170)51:3) TaV (0,0,0,0,0)a=1 _g’ ( ’ )

)

where the sub-index a = 3 represents a state associated with the (’),9:31 operator. This
corresponds to [; = 0. In this case the corresponding fermionic states have both the same
Q, namely: Q) = Q3 = % These are the only non-vanishing integrals.

In figure 2 we detail the Feynman diagrams corresponding to the matrix elements of
the electromagnetic current inside the hadron in terms of their dual type IIB supergravity
fields representation. These diagrams are the building blocks to construct the corresponding
forward Compton scattering Feynman diagrams which allow to derive the hadronic tensor.
The first diagram, which connects the initial state with same final state, corresponds to
the minimal coupling. The other diagrams with dotted vertices correspond to the Pauli
interactions. The —(+) sign in the kets denote the representation 4* (4) of SU(4)g of the
dual SYM operators, respectively.

4.2 The minimal coupling contributions

Let us consider an incident hadron of (four-dimensional) mass M;, whose holographic dual

representation is given by a Kaluza-Klein mode of mass'®

m; from the spontaneous com-
pactification of type IIB supergravity on AdSs x S°. Its wave-function has been obtained

in equation (4.10). We consider the limit M2

 dron, << @2, which is consistent within the

DIS context,'® and the solution is approximated at order Mﬁadmn /q*. We need to keep an
additional order in comparison with the non-polarised case, thus the wave-function is given
in equation (4.13). The spinor A; is coupled to another spinor 5\;( of Kaluza-Klein mass

Recall that m; is the mass of the Kaluza-Klein mode coming from the dimensional reduction of the
dilatino field on S®. Here we consider /m; = —m; which is positive for the O,(CG) operator with twist k& + 3,
since m; = —k — 3/2 with k > 0 in this case.

16Mhadr0n represents the mass of the incident M;, intermediate My and final hadron My, in the forward
Compton scattering.
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P,Q. S, —|J*0)|P,Q,5,—) ~

P7 st,_|JM(0)’P’ Q7S’+> ~

Figure 2. On the left we write the matrix elements of the electromagnetic current inside the
hadron. On the right we draw the corresponding holographic dual Feynman diagrams. The diagram
in the second line shows an example of the A, and A/, ;| mixing.

my representing an intermediate hadron of four-dimensional mass M% = —(P 4+ ¢q)?. Now,
since the mass My is of the same order as ¢, we cannot use the same approximation as for
the incident hadron. Thus, we must use the complete solution (4.14). Next, we consider
the contribution to the five-dimensional action (2.54) from the minimal coupling split in
two integrals

L+1,=i / dz d*z \;y"BLA, (4.23)

where [1 and 15 correspond to the integrals of the S\I;fyﬂB;A; and S\EVZB;)\; components,
respectively. The explicit calculations are given in appendix B.
Then, the matrix elements of (J#) are given by the following expressions

np (T = = (MX) % (4.24)

27 \ 2o
(c1QUgx M Pritg; + C2qUox W P-tg; — c3 (in - q) Ugx P—tgi + ¢4 (in - @) Uox Pitgi) ,
1
7 My 2
Jy = [ ) T« 4.25
() == (22 (1.25)
(c1qUgih Prox + c2qUoifh P_ugx — c3 (in - q) UgiPrusx + ¢4 (in - q) UgiP-uqx) ,

where the constants c1, co, c3 and ¢4 are obtained from the integrals of the Bessel functions,
and they are defined in appendix B. For the minimal coupling derived from the spontaneous
compactification of type IIB supergravity on AdSs x S® we find the following selection rule
in terms of the twist of the corresponding N' = 4 SYM theory operators: 7; = Ty = 7. This
rule straightforwardly derives from the corresponding angular integral on S°. It means that
there is no mixing between the initial and the intermediate hadrons, thus preserving the
nature of the incident hadron through the tree-level diagram, either thinking of DIS or
forward Compton scattering processes.
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Then, by summing over the intermediate states we obtain the hadronic tensor!”

e, W = myny, 25° Y 6(ME A+ (P + q)*)(J*(0)(J*(0))
X

~ S (TN (0)) (4.26)

and from it we derive the contribution to all the structure functions corresponding to the
minimal coupling exclusively. We use the superscript m to denote minimal coupling,

- -2 -3 _om_J3 _J4 _I5 _ 2.2,
LTy Ty T Ty Ty Ty Ak
2 A2 T—1
=|@|F%ﬂ<¢> (L - ), (4.27)
5 ) 2\ T—1
q 17+1 xT 1\ |aol® o A _9
gy = @(0204—01@,) :(27__1 - T_1> 3 () 7 (1 —x)" "%, (4.28)

having defined the constant ay = 27c,c,27 K. Since we have factorized out 3, = % from
the minimal coupling term in equation (2.54), the minimal coupling contributions lead to
B2 F™ and (%,¢™, which coincide with the results of [2], while for 82 F/" and 82 F3* we

also recover the result of [1]. Also, recall that for 7 = 3 we have Q = 1.

4.3 The Pauli term contributions

Now, we focus on the contributions from the Pauli interaction term. As mentioned, the
angular integrals on S° lead to certain selection rules. For 7 = 3 spin-1/2 fermionic
operators there are two possibilities in terms of the sign of the mass of each tower the
Kaluza-Klein modes on S° [7]. The dual SYM theory operator of twist 3 and spin 1/2 is
066) ~tr(FyAv=4), with & = 0. The Kaluza-Klein mass of its dual supergravity field in
five dimensions is m; = —3/2 (recall that we set the S° radius R = 1).

4.3.1 Incident state )\,; and intermediate state )\,;

Let us consider the situation where the incident and intermediate states have negative
Kaluza-Klein masses m; and my, respectively, which again we express in terms of the m; =
—mj; and Ty = —my masses defined by the Dirac equation. Considering the limit M? < ¢?
we can approximate the solution to first order in M?/¢?, obtaining equation (4.13). This
is coupled to a spinor of negative Kaluza-Klein mass my (but positive my = —my) and

"First, we use equations (4.24) and (4.25) in the first line of (4.26). In order to sum over the intermediate
states one can estimate the density of states considering the cut-off at zo, then the spacing of the zeros of
the Bessel function leads to the relation of the masses of the intermediate states My = X7wA, where the
intermediate states X are represented by integers (analogously to n in reference [1]). Since one considers
the planar limit, the structure functions are given by a sum of delta functions, but at large ¢ their spacing
is very close, therefore we have

2 -1
STo(ME —s) ~ (aé\fj) ~ (2ms'/2A) 7T

where s indicates the s-channel.
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the mass of the intermediate hadronic state is M% = —(P + ¢)%. Since the mass is of
the same order as ¢ we cannot approximate it, thus we must use the complete solution of
equation (4.14).

Let us calculate the relevant contribution from the Pauli interaction term separated in
their g and z components as follows

~ P C/C, M1/2 .
Kb, s = P Pe) e ST oy (1.29)
0
o (Tt (M) 99,4 1P e g (M), 3Py ) o
Ugx -t XZ)V Y “ o + 1 x—i XZ)V Y | Yo,
1/2
- I cc M o
Ax[VF AN = iR P mef i+9/2 (4.30)
0
~ Mz,
UsXx meié(MXZ) ( 2P+) J (M_)(‘Z)m’}/ (2P_) Ugi-

Now, the corresponding integrals in AdSs which lead to the matrix elements of the

current are!®
1
[f: 4/(15;3,/ Fw,e €% Ay ['y Y ])\ , (4.31)
I = / Poy=g Fop € ef A3[v" 7" (4.32)

where the superscript P here stands for the Pauli term. Thus, we have

1 . , _ ,
= 4/d5:r 273 g2 K (q2)i (qum — @ung) A [, 7 N
1/2
c’c’XM/

PR /d5xei(q+PiPX)"”qu1(qz) X (4.33)

Uox <zmi+;JmX%(MXz) 4, 7/L] >0 M p +zm2+2J~ 1(MXZ)2[g,¢]P+> Ugi

1
i+3)
having used that

(qﬂnl/ - qunll«) [f}/uv ,YV] = 2[%7 72] . (434)

Next step is to rewrite the integrals in terms of the twist 7, = m; 4+ 3/2, which leads to

X 1
I{D — 3 (JW) 2 (/ d4CL' ei(q+Pi—PX).$) %
2 20

[c g ”“2(7?4_1'1) (/ dzK1(q2)2" 2 T 2(MXZ)> Qo (¢, P P- g

b2y T ( / del(qz)z”HJTX_l(MXz)) qﬂax[g,ﬂ]P+uai] . (4.35)

If we consider the selection rule 7; = Ty it reduces to the case discussed by Gao and Mou [3].

¥Notice that as in section 4.2 we have omitted the constant 11"2" , which implies that the contribution
to the structure functions from of this subsection must be multiplied by 83.
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For the integral I we may proceed in a similar way

1 _ iq9-x Y z
13 = 4/d5w 272 7 (—nug® + (n - q)qu) 2Ko(gz) Ax [y, YA (4.36)

1
— % <]WX) : </ d4xei(q+P¢Px)-z) %
20
[cgc'Xzo_T"H (—/dzzT"HJTX_g(MXz)KO(qz)) gy ((n Q) qu — n#qz) Piug;

/) Tt
ciCyzg M

2(r; — 1) (/ dZZTi+2JTX‘1(MXZ)KO(qZ)> o7 (- 0)g = 1u4”) P-igi

Again we consider the selection rule 7; = 7y = 7, and obtain the following matrix elements:

1
1 [(My\2,. _ . _
ny,(J") = = <z0X> (zclpquo.X[g,VL]P_ugi +icapqiox [, h] Py toi (4.37)
—2c4plgxy" ((n ) Q)q,u - n,uqz) P s + 2c3ptioxy” ((n : Q)qM - n,uQQ) P—uai) )
1
‘ 1 (Mx\2, . _ . _
ny(JH) = - <,2'0X> (—zclpquai[g,yi]P+uUX — iC2pQlgi|d, H| P-uox (4.38)

—2¢4plieiy™ ((n - Q)aqu — 1uq%) Pruca + 2esptioiy™ ((n - @)gqu — nuq®) Pouox)

where the constants are given by

cip = co (Tﬂfli) < / del(qz)zT+2JT_2(MXz)>

(t—2) 7144

- c027+1£i171“(7)q_(7+3)(1 — ) (a(r 1) - 2) (4.39)
—

T+3

T (1—2)T , (4.40)

@P:2%</MKNWVHWTmeO:wﬁH%mﬂavﬂu

M,
c3p = o ! /dzzT”Kg(qz)JT_l(MXz)
(r—1)
41 M —(143),, 73 1
= o2 ( 1)F(T)7'q 2 (1—x)72 (x(r+1)—-1), (4.41)
r—
cM:2%(/Wf“L4mu@mm@):%Tﬂmﬂfwwffu—mEQW—w,
(4.42)
where ¢y = %fg_cll" K. In this case there is an additional factor 2 with respect to the results

0
of Gao and Mou [3] that we have checked in our calculations. Finally, we obtain the
corresponding contributions to the structure functions coming from the Pauli term with
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no mixing of initial and intermediate states (7, = 74 = 7)

2
P gP q6 1— 2\ 12
Ff:i:gf:i 2P - + cap

9 2~ 8

o\ 71
= f|a0|2 FQ(T) (i}) acT‘H(l — $)T_2(1 — 7)2 , (4.43)

1 A2 T7—1
B =di= Zq; (C%P T CAZLP) = ao|*T*(r) <c]2> 21— 2) 21+ 27(r - 2)),

(4.44)
6 1/2
P _ q 2 2 q (1-xz
92 = T{6.2 (CQP +cip + 2(c2pcrp + C3PC4P)M ( . )
q 2z —1
_ 4 4.45
+(c1pcap — capesp) Y ) (4.45)
1 A2 T7—1
= —Z\aOP FQ(T) <2> (1-— ) 2™ (1 -7+ x(B3+2(r—=2)1))—1)/(t = 1),
q
P ¢° 2 2 q
g3 = Iz (02p +cip — (capesp + ClPC4P)g>

2\ 71
= —|ag|>I'?(7) </q\2> (1—2) 2™ (1 +7(1 = 32) 4+ (22 — 1)72) /(7 — 1). (4.46)

These functions have several differences compared with the corresponding results of Gao
and Mou due to the factor 2 described above.

4.3.2 Incident state A\, and intermediate state )\:ﬂ

In this case the incident hadron is represented by the dilatino mode given in equation (4.13),
while the intermediate state corresponds to a Kaluza-Klein mode of positive mass given by
equation (4.16). As before we separate the p and z contributions from the Pauli term

- 4 e MY 9/2
)\}hu’,_yu])\i— — el(Pi—PX)'SC Zzé;u-&-/l\/ it / X (4.47)
0
dor (T (M) A" 1P 2 g (Ma2) 471y ) s
oX ma+s X2 _2mi+1 my—3 XZ)VY + %)
- -~ G s M2 -
)‘;[WZ”YM])% = ¢!(hif)e Zz/’fﬁﬁ-i( M2 ¢ (4.48)
0
o p wy_Miz
o \ Ty (Ma2)(=20") Py 4 T, 1 (Mx2)(205) g 2= P ) o
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The integrals are obtained in a similar way as in the previous subsection, but with different

relative factors given by different combinations of the Bessel functions,®
, 1
o LM j/dgre< G+P—Px)w ) o
! 2 20
{c Cr T’HQ(T 0 (/ dzK, (qz)z””JTX_l(MXz)) Qlgx [, ] P—tie;
(]
+cidy 2, cTitl /de1 qz)z T’HJTXQ(MXZ)) qUox|d, 1/L]P+um-] \ (4.49)

Iy = ! (JVIX> : (/d4:c ei(‘”Pi_PX)’I) X
2\ 2z
|:C hezg T (— dzz”"'lJTXl(MXz)Ko(qz)) oy (- q)qu — 1,4%) Pitigi
+ izt < dzle+2J 2(MXZ)K0(QZ)> X
u(,;( ( nqu) P_ugi] , (4.50)
where the superscript + labels the integrals for the present case where the sign of the

Kaluza-Klein masses of the initial and the intermediate states are distinct. Then, we
calculate the matrix elements of the current

1
nu(J*) = = ( > (zc Qo x (g, ] P-ugi +ic; qug,y[g 1) Pt (4.51)
—2c4 ug;(fy“ ( —nuq ) Piugi + 2c§tﬂg;(fy“ ((n Q) qu — nqu) P_um') ,
. 1 L4
np(JH) = o ( > ( zcl QUoild, H] P-vox — zcétqugi[g,q/z]P+uUX (4.52)

—204 Uiy ((n qQ)qu — nug ) Piugy + QCgtﬂUi’y“ ((n Q) qu — nqu) P_uUX) .

Now, we apply the selection rules we found, namely: ky = k; 1. With this we obtain the
following set of constants:

M; .
cf = co 1 /del(qz)z 2o (Myz)
1 T
:0M17+1T+T( +1)g T2 (1 —2) 2 (4.53)
] = C0——7 /del(qz) T2 o(Myz)
T+1 Mi (43 2 T4
= 2" (1T + 1)71q l—z)z a2 (z(t+1)—-2), (4.54)
r—

cg = 200/dzzTﬂKl(qz)JTH(MXz) = o2 (r + 1)z (1 — ) = ., (4.55)

bk
12 0
structure functions from this subsection must be multiplied by 83 for j = k + 1 and by 82 for j = k — 1.

9As in section 4.3.1 we have omitted the constant

which implies that the contribution to the
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g = QCg/dzzTHKl(qz)JTg(sz)

= 2 (1) T (1 —2) T (a7 — 2) (4.56)
M, B
ct=c — /dzz 2T 1 (Myz)Ko(g2)
Mi TTo Tl
— COT — 127+1q_(7+3)1"(7- + 2):13 —2~_3 (1 — :L') ;1 s (457)

_ M; -
R e | /dzz 2T 3(My2)Ko(qz)

M; rts ris
= ¢ =2 D(7)g e T (l—2)2 2+ar(-4+z(r+1)), (4.58)
—
i = 200/dZZT+1JT+2(MXZ)KO(qZ)

(t+2) T42

=2 (r+2)g T (1 —2)2

1
25<T+17+17+&x>,@5m
X

cy = 200/dZZT+1J72(MXZ)KO(qZ) = COQTHF(T)xTTH(l - x)TT_Q (x1 — 1), (4.60)

where 7, = 7.

Then, for the process A\,  + B}L — )‘:+1 we obtain the following contributions to the
structure functions. The superscript Py indicates that the intermediate state is )\+X, SO
that ky = k; + 1.

P P 1/2 2
FP+_F3+_P+_95+_£ oF l—x /_C+
LT Ty T Ty TR\ !

Lo (A2 3 2 2
= ilag‘ <q2> T (1 —2)T (1 4 1)
—1\12
[IT+1—(1+7) o Fy (T+2,T+2,T—i—3,xx>] , (4.61)
-1
FP+_P+_L4 +12 +12) _ 2A727 ~7(1 — 2 HI(1 2
2 - g4 - 162 ((62) + (64) ) - |a0’ q2 x ( ﬂj‘) ( +7—) X
1— —1\°
T+ — (1472 SR (r4+27 42743, °—) |, (4.62)
a3 x
6
P+ _ 4
P27 T16a?
(C+)2+(C+)2_2(c+c++c+c+)i l-z 1/2+(C+c+_c+c+)i2x_1
2 A R VA" 160 = @),
1 ) A2 T—1 )
:—1|a0] ((]2> (1—2)2"T(1+7)° %
1-— _
[21_"7”_+(1—x)—2T(1+7)2(2+T)B(x ,T+2,—(T+1)>
(x—1)7 .’L'(T+2)B(xT_1,T+2,—(T+1))
—+ L : (4.63)
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6
q q
ot = 15 (@74 ()~ (e +efeD)])

AT
= |ao|? <> 801 - ) eI (1 4 7)2 x
—

-1
[2x27+3 + (A +7)(x—1) 2F, (7’ +2,7+2,7+3, a:)
x

-1
(—xTH +(r—1) 2F <T +2, 7+ 2,7+ 3, x))] , (4.64)
x

where o F} is the hypergeometric function and B(x,a,b) is the incomplete Beta function.

Analogously, for the process A\, + B}l — )‘111 we obtain the following contributions to
the structure functions. The superscript P_ indicates that the intermediate state is A;X,
now being ky = k; — 1.

o j = 1/2 2
FP7:F3 :gpizgf) :q76 o 1—=x / e
1 2 1 2 8z | 2 T 4

T—1
— %\%12 (;‘j) (1— )" 2™ (r)?, (4.65)
4
B =g = 1 (@) + ()
T—1
= |ao|? (f) (1—2)" 32" () (1 + 23 + 7(=2 + 2(1 — 2)))), (4.66)
6 _ 2\ /2 Tz —
= <<c2>2+ @F-Ga gy (F50) e -aa) 1)
2\ " ()2
= —%|a0\2 (;) 1;(_)1:UT+1(1 —2)" 3 [-r—1+z(P(r+ 1)7(r — 2) + (L + 7)?
—2 (1 — 2)7(7 4 37) 4+ 62%(2 + (3 — 27)7)
—z(12+ (1= 5)1) + 23 (1 = 3)(2+37(5+17)))] . (4.67)
6 2\ " ()2
£ =4 (@R P - e o)) =lal (%) T -0

B—74+z(-15—4(x —3)xr — 27 + (33 — 22(18 + (z — 8)z))T

+(1+a(-1+ (@@= 6)rB+a(r=3)))r* +2° B+ 2(z = 3)7%))) . (4.68)
We should notice that all these contributions FZ-P “’s and gf “’s are not present when 7 = 3
since in that case the label k of the incident state is zero, therefore the intermediate state

can only have j = k 4+ 1. This overcomes the fact that F, —, gf ~ and géj ~ behave like
(1—x)73.

4.4 The mixed contribution from minimal coupling and Pauli vertices

In addition to the set of contributions we have already calculated, there is a mixed contri-
bution corresponding to a Feynman diagram for the forward Compton scattering in which
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there is a minimal coupling vertex and a Pauli vertex. This leads to matrix elements of
the hadronic tensor of the form

ey W = nyny, 20y §(MZ 4 (P 4 0)*)((J5,(0)) (J5(0)) + (Jp(0)) (137 (0))) , (4.69)
X

where the matrix elements of the currents correspond to contributions from minimal cou-
pling or Pauli interaction term. The superscript ¢ indicates crossed-term contributions.
The structure functions from crossed terms are:

Fc c q5 1— 2 1/2
Ff:*gzgf:g‘%_ C1m<62P< . > +cap

2 2 212
1 A2 7—1
- 5\%12 2) (1—2)" 227 (r = 1)I(1)?, (4.70)
q
0
Fy =gi= 2;C1mC4P
A2 T—1
= |ag|? <2> (1—2)" 22" (=1 + 27)(1)?, (4.71)
q
1 1—2\"?
C
9o =~ |4 < . > (capc3m + c3pCim — C1PCam — CapCam) + (CimCap — C2PCam)
+q(camCap + €a4pCam + C1PCIm + C2PC2m))
A2\ ()2
= _,, of? < > (7)1 (1 —2)" 22722 — 72 + 747 — 5)), (4.72)
r_

q
g3 = 2 <61m64p + (c1tmeip — C2m02P)%)
T

:if( )2! |2<22) (1=a) 2™ 2= (4 a)r + (-1 +42)r) . (473)

5 Results of the structure functions from the 7 = 3 spin-1/2 fermionic
operator

In the previous section we have obtained the contributions coming form each Feynman
diagram to the structure functions related to spin-1/2 fermionic operators. The complete
expression for each structure function can be written as the sum of those contributions with
relative constants multiplying each diagram. The referred constants are given in terms of
certain angular integrals that we explicitly calculate for 7 = 3. Thus, the general form of
the structure functions is

Fy = B2 F"™ + BoFF + B BpFf + BAFFT + B2FP™, (5.1)

and there is a similar expression for the g; structure functions. The § constants in equa-
tion (5.1) are straightfordwarly related to the byj; angular integrals, being their explict
relations given in appendix A. 3, is the constant related to the minimal coupling, being
Bm = % Then, Sp is the constant associated with Pauli interaction diagrams with the se-
lection rule 7; = Ty, i.e. with no mixing of states between the incident and the intermediate
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hadrons. In addition, in terms of the optical theorem there is also an s-channel Feynman
diagram containing both the minimal coupling vertex and the Pauli interaction vertex.
This is associated with the third contribution F} that we call crossed-terms contribution.
The relative constant associated with this contribution is given by the product of 5, and
Bp. In addition, S+ and f_ correspond to relative constants of Feynman diagrams with
Pauli interactions with incoming states dual to the operator (’),(CG) but intermediate states
dual to O,S?’) with ¥ = k+1 and ¥’ = k — 1, respectively. These contributions that couple
fermionic modes of the two different Kaluza-Klein towers of the type IIB supergravity com-
pactified on S® have not been studied in previous papers on DIS. The detailed calculation
for general twist operators needs the construction of general spinor spherical harmonics
on S°. Since in this work we focus on the case of 7 = 3, we leave the general case to be
discussed in a forthcoming work [48]. However, by adding all the mentioned contributions
to each structure function one obtains the following relations which hold for any twist:

F3 g5
= — = = — 5.2
1 2 g1 9’ ( )
F2 = g4 - (53)

This is an important general twist result of the present work which is valid in the regime
A;%ﬁ < x < 1. Also, it is interesting to emphasize that the structure functions F; and
F, above, which include all possible contributions discussed in this work do not satisfy the
same relation as in the case considered by Polchinski and Strassler (Fy = 2F}), where they
have only included the minimal coupling. This is a consistent result, since from hadron
phenomenology it is expected a non-vanishing longitudinal structure function. Also, there
are differences with respect to [2] and [3]. In [2] they only included the minimal coupling
interaction, while in [3] only the Pauli term was considered. As already commented, we
have done a fully consistent derivation from type IIB supergravity, thus the relations (5.2)
and (5.3) should be regarded as the complete set of Callan-Gross type of relations for all
spin-1/2 hadrons related to the (’),(f) operators of the planar limit of the strongly coupled
N =4 SYM theory within Agyhr < o < 1.

Let us now discuss more explicitly the case with 7 = 3, which leads to the most
important contribution to the Operator Product Expansion (OPE) of two electromagnetic
currents inside the hadron at strong 't Hooft coupling and large N (1 < Agym < N)
in the DIS limit, since this is the lowest twist operator in that parametric regime. The
corresponding SYM theory operator is (’),(662)0 which has the minimal conformal dimension
A= % The dual supergravity field mode has the quantum numbers of its spinor spherical
harmonic (Is,l4,13,12,11) = (0,0,0,0,0). In particular, the identification k =I5 = 0 implies
that 7 = 3, while [; = 0 leads to Q = %, being Q defined in equation (2.50).

For 7 = 3 the constants in equation (5.1) can be explicitly calculated, obtaining

Bn=1/6, fp=-5/36, (B+)*=1/648, (B-)>=0. (5.4)

Now, we can draw the corresponding structure functions for 7 = 3. In each figure we
describe the different contributions to the structure functions from each term.
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0.005 ﬁfan 1
— BF?
5 Bjorken-x = —— BmBPF1C
— BFfY
-0.005

Figure 3. The full structure function F; (blue line) as a function of the Bjorken parameter z,
obtained from the contribution of the twist-3 spin-1/2 fermionic operator 01(20' We distinguish
the contributions from the minimal coupling B2 Fi" (orange line); the Pauli interaction B%F[,
where the intermediate state Ax = A,_, is the same as the incident state \; = A__, (green
line); the contribution from crossed terms S,,8pFf (red line); and the contribution from the Pauli
interaction ﬂiFlp *, where the intermediate state Ay = /\Ll is different from the incident state
Ax = A, according to the selection rules that we found (violet line). We have set |ag|*(A?/¢?)? = 1,
where |ag| is the only free constant for all the structure functions.

— F
— BuFY
— BpFY
-~ Borken-x BmBpFs
— BR

Figure 4. The full structure function F» (blue line) as a function of the Bjorken parameter x,
obtained from the contribution of the twist-3 spin-1/2 fermionic operator (9,(;20. The meaning of
the curves is analogous as describe in figure 3.

In this case the diagram connecting an initial state with k; = [5 with an intermediate
state with ky = l5 — 1 is not present since l5 = 0. We have found a very interesting
result, namely: for all the structure functions the contributions from the minimal coupling
(orange curves) are very small in comparison with the rest of contributions. Also, in table
1 we can appreciate the numerical value of the maximum (or minimun value whenever it
corresponds) of each curve, which shows that the minimal coupling contribution is very
small in comparison with the rest of contributions. Indeed, within the Bjorken parameter
range 0.4 < x < 1 the dominant contribution comes from the Pauli term (green curves),
followed by the crossed-terms contributions (red curves) which appear with opposite sign
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Figure 5. The full structure function go (blue line) as a function of the Bjorken parameter z,
obtained from the contribution of the twist-3 spin-1/2 fermionic operator (9,&6:)0. The meaning of
the curves is analogous as describe in figure 3.

Bjorken - X 03

— Bad¥
— Bagf
— BmBrgs
— g

-0.005

-0.010

Figure 6. The full structure function gs (blue line) as a function of the Bjorken parameter z,
obtained from the contribution of the twist-3 spin-1/2 fermionic operator (’),(f:)o. The meaning of
the curves is analogous as describe in figure 3.

(except for g3). Surprisingly, the minimal coupling contributions are really much less
significant in comparison with the previously mentioned contributions as well as the total
contribution (blue curves). By virtue of the relations (5.2) and (5.3), this holds for all
structure functions. This implies that the theoretical calculation from first principles of
all contributions to the forward Compton scattering as well as the relative constants 3’s
that we have performed in the present work are very important in order to give the precise
contribution of each term.

Thus, we observe that the dominant contribution for £}, F5 and go comes from the
Feynman diagram of figure 2 with the Pauli vertex (the dotted vertex in the first line),
being the outgoing state identical to the incoming one. However, the crossed term in the
forward Compton scattering Feynman diagram produces a certain suppression. On the
other hand, in the case of g3 the crossed term gives a contribution which enhances the
contribution from the Pauli term. This behaviour is different in comparison with the other
structure functions.
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Fy terms | M.V. | F5 terms M.V. go terms | M.V. | g3 terms | M.V.
Er 0.0011 Ey 0.0022 gy | -0.0003 | g 0.0025
FF 0.0126 Ff 0.02173 gy -0.0120 gy -0.0081
F¢ -0.0075 Fs -0.0112 %5 0.0098 95 -0.0078
Pt L o0018 | EFT | 00083 | gt | -0.0014 | ¢gft | 0.0025

Table 1. Maximum values (M.V.) (or minimum values wherever there is a negative sign) of the
curves depited in figures 3, 4, 5 and 6. We have set |ag| = 1.

The contribution of the Feynman diagrams which couple to the other tower of Kaluza-
Klein modes with positive five-dimensional masses becomes significant for smaller values
of the Bjorken parameter, having a pick around z = 0.35. For larger values of z its

contribution becomes much smaller than the Pauli one.

6 Discussion and conclusions

In this work we have investigated the polarised deep inelastic scattering of charged leptons
off spin-1/2 hadrons in the ' = 4 SYM theory deformed by the introduction of the IR scale
A. Using the gauge/gravity duality we have calculated the structure functions in the large
N limit, and at strong coupling, focusing on the contribution of the leading twist operator.
The analysis has been carried out in the Bjorken parameter range )\S_\l,ﬁ < x < 1, where
we can use the type IIB supergravity description. It is important to emphasize that our
results are derived from first principles (top-down approach) and it implies considering
the complete supergravity interactions at the leading order in the % expansion (tree-level
Witten diagrams), which ultimately can be obtained from the type IIB superstring theory
in AdSs x S° in the o/ — 0 limit. These results contrast with the previously calculated
ones, which were obtained using either only the minimal coupling interaction (within a
top-down approach) [1] or including the Pauli interaction in the framework of bottom-up
models [2, 3].

In order to perform the analysis by considering the complete set of interactions, we
need to obtain the interaction vertices from the ten-dimensional type IIB supergravity ac-
tion. However, since the five-form field strength obeys a self-duality constraint in type 1B
supergravity, there is no simple covariant action and the constraint needs to be imposed
after deriving the equations of motion. For this reason, we have focused on the covariant
equations of motion and expanded the ten-dimensional fields in their Kaluza-Klein modes.
Thus, we have derived the field equations up to second order in the corresponding fluctua-
tions. Finally, we have constructed the five-dimensional effective action up to cubic order
in the fields with dilatino modes and the massless gauge field. The interaction terms are the
minimal coupling term and the Pauli term, with relative constants between both interac-
tions which depend on the angular integrals of spinor spherical harmonics. The derivation
we have done for the interaction terms of the spin-1/2 fermionic field modes with a massless
gauge field has not been carried out previously. Thus, it opens several potential interesting
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directions to further explore. For instance, it would be very interesting to use this action
to obtain the three-point functions on N'= 4 SYM theory involving fermionic operators.
Also, using an analogous approach as considered in this work it would be interesting to
unveil the effects of the new terms of the effective action on Drell-Yang processes, form
factors and other observables.

At this point we should emphasize the importance of having developed a first-principle
derivation of the effective five-dimensional supergravity action directly from type IIB su-
pergravity. First, it allows us to find all the consistent interactions involving two dilatini
with a massless vector field mode. Then, by constructing the corresponding spinor spher-
ical harmonics followed by solving the corresponding angular integrals on S°, we discover
new selection rules between incident and intermediate fermionic states. Moreover, these
integrals give the precise values of all the relative constants in front of each contribution,
allowing us to calculate the complete set of structure functions from the analysis of the
dual twist-3 spin-1/2 operator. The selection rules have been obtained from the evaluation
of the spinor spherical harmonics integrals and we have found, that in adittion to the min-
imal coupling term and the Pauli term studied in [1, 3], there is a new interaction between
states in different irreducible representations of SU(4) (the other Kaluza-Klein tower with
v
and Fb, these interactions are responsible for the bell-shaped curves with a maximum at

, modes) and different twist. Let us emphasize that these vertices are new. For F}

x ~ 0.35. Notice that their maximum values occur at smaller values of x in comparison
with the others contributions.

We have obtained the independent structure function Fy, go, g3 and Fb, while the
rest are related to them through the relations (5.2) and (5.3). The relation Fy = 2F;
obtained in [1] does not hold due to the contributions from the Pauli terms. The relative
constants (5’s show that the minimal coupling contributions are very small compared with
the Pauli interaction (less than 10%). We do not have a physical interpretation of this
effect. We regard it as a prediction from the direct calculation in the top-down holographic
model derived from type IIB supergravity. A somehow analogous effect has been found in
reference [3] where in a bottom-up approach they set the relative constant C,, in front of
the “neutron” structure functions (those that they associate exclusively to the Pauli term
in their dual gravity description) to be 400 times the corresponding constant C) related
to the “proton” (associated with the minimal coupling exclusively, always within their
particular setup). They do not give a physical interpretation for this effect. In addition,
in reference [5] for small values of the Bjorken parameter it was found that the Pauli term
appears contributing to the t-channel, in that case for the calculation of the anti-symmetric
function g;. The Pauli term and a Chern-Simmons term appear simultaneously, and both
are derived from the four-point closed string scattering amplitude in type IIB superstring
theory, which involves two dilatini and two gravi-photons. In that case (recall that this is
for a completely different Bjorken parametric regime, namely: z < )\S}l({v? ) the role of the
Pauli term is also essential.

For z values in the range 0.4 < z < 1 the dominant contribution corresponds to
the Pauli term with the same final state. However, the crossed term, which leads to
contributions with a different sign, attenuate the final result. On the other hand, within
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the parametric range 0.2 < x < 0.4 the dominant contribution comes from the Pauli

Jr

1 This is also a novel effect.

interaction connecting different states A;~ and A
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A Angular integrals

We show how to simplify the integral by;; using properties of the spinor spherical harmonics.
The spinor spherical harmonics satisfy the Dirac equation being charge eigenstates with
angular momentum associated to the angle 61,

TOV,0F = Fi (k + g) Chi (A.1)

<v°‘Da — jfaﬂvwa> 0f = —iQef. (A.2)

The spinor spherical harmonics with positive eigenvalues in equation (A.1) correspond to
the representations 4*, 20*, 60*, - - -, while those with negative eigenvalues belong to the
conjugate representations 4, 20, 60, ---. In the DIS process we consider the holographic
dual incident hadron represented by a dilatino field mode containing a spinor spherical
harmonic of the type ©, . Recall that when k& = 0 the dual ' = 4 SYM theory operator
has twist 7 = 3.

The second term in equation (2.53) can be written in terms of the first integral, thus
bikj can be expressed by a single angular integral:

/ d2s5(0%)! (if%ﬁvavﬁ) Oy = —i / Qs (Da(@ji)TT%%@,; + (@})TT%%DQ@;)
= —i / Qs (Da(@jt)fr%%e,; +(0) 12003 Do O},
- (@f)TTﬁngaDa9,;>

<i <j + g) — <l<:+ g)) /d%(@;ﬁﬁfﬁvﬁ@;

—QQ/dQ5(®f)T®,;

1
—2i / dQ5(07) (47’57'0‘Vav5> 0 . (A.3)
In order to simplify the integral we use equations (A.1) and (A.2), obtaining
o . , 5 5 .
/dQ5(@f)T (27' Tﬁvavg) 0, = (:l:] —k+ 5 2> 2/dQ5(@f)T7‘ﬁvg@k

—4Q / dQ5(07)'e; . (A.4)
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Then, the constant byy; can written in terms of a single angular integral

5 5 _
bl = <1+2<k¢j+2$2>>/d95(9 ) av Oy, +4Q 63 (A.5)

The second term is present if the intermediate state is the same as the incident one. The
constants associated with operators in the same representation are

b; = (1+2(k+]+5))/d95(® om0 +4Q 6 (A.6)

For the interactions with supergravity field modes belonging to the 4, 20, 60, ... repre-
sentations the term proportional to the Kronecker delta is not present and we obtain

bl = (1+2(k — ) / dQs5(07) 0] . (A7)

In section 5 we consider the minimal 7 = 3 which corresponds to & = 0 for the incident
fermion. We define the following coupling constants in order to draw the structure functions
in figures 3, 4, 5 and 6,

bioo 11 [dQs(0;) m0v0y + 2

b\ dQ5(07) I a0 O
() -p(mee)L

where the sum over I5 indicates the sum over the angular integrals given in equa-
tions (4.19), (4.20), (4.21) and (4.22).

(B)?

B Details of the calculation of the minimal coupling contributions

In order to calculate the relevant contributions from the minimal coupling term we explicitly
write down the p and z components of the five-dimensional dilatino currents

AZVEN = (B.1)
(P —Px)- xcchM;/2 m +9/2 - i u M;z

6n7+ g Usx me_%(MXZ)’Y P++me_%(MXZ) P_m Ugi s

AV = (B.2)

1/2
M) M;z
(P —Pxy)zZim XX 7+9/QUUX<JT;LX§(M/\/Z)(—P)+J~ +5(MX,Z)P+)UUZ‘.

2yt 2m; + 1 e

Next, we solve the I1 and I, integrals, and introduce the twist defined as 7, = m; + 3/2.
Then, we obtain the following matrix elements:

L =1 ! (MX) (/d4xei(q+Pi_PX)'x) X
27r
(27rc SN —Titl </ dzK1(qz)z" Jry— 2(MXZ)> Qo x B Pyto;

M;
+27¢, CXZO ~Titl </ del(qz)zTﬁlJTX_l(sz)) 1)qug/w/iP_um-> . (B.3)

2(7’1‘ —
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Similarly for the other integral

1
I, = Zi (MX> i </ d4xei(q+PiPX)'x> X
27

(27rc ez (— / dzz”“Jw_z(MXz)Ko(qz)) (in - q)

% _
el P_ugy;
2(r; — 1) oX e

Tz ( / dzzTiK()(qz)Jm(MXz)) (in - q) aamum) | (B.4)

The constants ¢, with n = 1,...4 are defined from certain Bessel function integrals in

terms of x, ¢ and M;

Open Access.

€ = /del(qz) T g o(Myz) = 2" T(r)g TS (1—-2)2, (B.5)

— M Ti+1
Cy = 002(7_Z Y /del(qz) Jrp—1(My2)
= 2™ 1M 234G )q (42757 (1 — )2, (B.6)
c3 = = 1 /dzz”HJTXQ(MXz)KO(qz)
I(r . .
= COQT_IMi()lq_(T”):E;Q(l - ZL')TQ(Z'T -1), (B.7)
T —

cy = co/dzzTiKo(qz)JTX_l(MXz) = 02" (7)) Ty (1 — ) = (B.8)
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